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Given  sets  A  and  B,  solution  of  the  equation  A  +  X  =  B  is 
studied.   Necessary  and  sufficient  conditions  for  its  solution  are  given 
In  case  the  sets  are  finite  cross  products  in  Rn  of  bounded  closed 
intervals  in  R.   Two  definitions  of  unconditional  convergence  of  series 
of  sets  are  shown  to  be  equivalent  when  the  sets  are  bounded  subsets  of 
a  Banach  space.   Recalling  Rickart's  definition  of  the  A-integral,  the 
integrability  of  a  finitely  additive  set  function  u  is  considered. 
When  u  has  finite  total  variation  and  is  complex-valued,  or  has  cross 
products  of  bounded  closed  intervals  as  values,  then  u  is  A~ 
integrable.   If  a  Banach  valued  function  f  is  Dunford  integrable  with 
respect  to  a  complex-valued  measure  u,  then  the  set-valued  set 
function  f u  is  A-integrable,  and  the  two  integrals  agree.   If  F(s)  is  a 
subset  of  Rn  for  all  s  e  S,   p.  is  a  nonnegative  measure,  and  the  set 
function  Fu  is  A-integrable,  then  the  A-integral  contains  the  Aumann 
integral.   Finally,  Yosida-Hewitt  decompositions  are  given  for  finitely 
additive  set  functions  whose  values  lie  in  a  topological  vector  space,  a 
normed  linear  space,  and  the  collection  of  cross  products  in  R   of 
closed  bounded  intervals. 


I.   INTRODUCTION 

In  recent  years  the  study  of  set-valued  functions  and  set-valued 
integrals  has  enjoyed  an  increasing  popularity.   Set-valued  functions 
have  been  applied  in  areas  as  diverse  as  mathematical  economics  and 
numerical  analysis.   Nobel  laureate  Gerard  Debreu  boosted  interest  in 
set-valued  functions  in  the  economic  world  through  a  sequence  of  papers 
concerning  the  properties  of  "correspondences."   In  these  papers  (see, 
for  example,  ref .  10)  he  considers  a  complete,  totally  a-finite  positive 
measure  space  (A,Y.,\i),    where  A  is  a  set  of  agents,  and  Z  is  the  o-field 
of  coalitions  of  agents.   Debreu  defines  a  correspondence  to  be  a 
function  from  Z  to  the  power  set  P(S),  where  S  is  an  ordered  finite 
dimensional  real  vector  space.   With  this  definition  he  treats  such 
problems  as  the  integration  of  a  correspondence  and  finding  the 
Radon-Nikodym  derivative  of  a  correspondence. 

A  much  more  down  to  earth  application  can  be  found  in  R.E.  Moore's 
book  Interval  Analysis  [17].   In  this  book  Moore  considers  the  problem 
of  mimicking  calculations  with  real  numbers  on  a  finite  precision 
computing  machine.   Since  every  such  computation  is  subject  to  round-off 
or  truncation  error,  it  is  important  to  track  these  errors  in  order  to 
assess  the  accuracy  of  the  final  output.   Moore  follows  these  errors  by 
calculating  with  "interval  numbers."   Formally,  an  interval  number  is 
defined  to  be  a  closed  interval  of  real  numbers.   Intuitively,  an 
interval  number  represents  an  exact  number  plus  uncertainty;  to  say  the 


result  of  a  calculation  is  the  interval  number  [a,b]  implies  that  the 
true  result  lies  between  a  and  b. 

Mathematicians  have  studied  set-valued  functions  and  integrals  for 
their  own  interest  as  well.   In  1972,  Z.  Artstein  [1]  considered  set- 
valued  measures  defined  on  a  measurable  space  and  having  values  in  a 
finite-dimensional  real  vector  space.   When  the  measure  is  bounded  and 
nonatoraic,  it  is  convex-valued.   He  was  also  able  to  prove  that  when  a 
set-valued  measure  u  with  convex  values  is  absolutely  continuous  with 
respect  to  a  finite  nonnegative  measure  X,    then  \x   has  a  Radon-Nikod^m 
derivative  with  respect  to  X.   L.  Drewnoski  [11]  generalizes  the 
discussion  of  correspondences  by  allowing  the  range  to  be  the  subsets  of 
a  locally  convex  topological  vector  space  X.   He  then  provides  theorems 
for  the  unique  extension  of  a  correspondence  from  a  ring  R  to  the  a-ring 
generated  by  R,  and  provides  Vitali-Hahn-Saks  and  Nikod£m  type  theorems 
for  sequences  of  countably  additive  correspondences  whose  values  are 
bounded  subsets  of  X.   In  1979,  W.  Rupp  [22]  generalized  the  Riesz 
representation  to  finitely  additive  and  countably  additive  set-valued 
set  functions  defined  on  an  algebra  with  values  in  the  power  set  of  R  • 

These  recent  studies  do  not  imply  that  the  theory  of  set-valued 

functions  is  a  new  development.   As  early  as  1922  E.H.  Moore  and  H.L. 

Smith  [16]  were  studying  the  convergence  of  generalized  sequences  of 

sets.   In  "A  General  Theory  of  Limits"  they  consider  a  collection  of 

sets  of  complex  numbers,  the  collection  being  indexed  by  a  set  S  on 

which  is  defined  a  relation  R.   The  relation  R  is  taken  to  be 

transitive,  and  R  has  the  composition  property;  that  is,  for 

any  s,,s„  in  S  there  is  an  s-  in  S  so  that  s.,Rs1  and  s^I^-   Now  a 

generalized  sequence  of  sets  (X  )   _  is  said  to  converge  to  a  number  a 
°  s  seb 


if  for  every  positive  e  there  is  a  s   so  that  sRs   implies 


|x  -  a  <  e 


for  all  x   e  X  .   F.  Hausdorff  in  1927  [13]  was  also  concerned  with  the 
s     6 

convergence  of  sets.   He  considered  nonempty  subsets  of  a  metric  space 
(S,d)  and  defined  the  lower  distance  between  sets  A  and  B,  denoted 
6(A,B),  to  be  the  infimura  of  d(a,b)  taken  over  all  a  e  A  and  b  e  B.   He 
then  defined  the  so-called  Hausdorff  metric  for  sets  by  the  formula 


H(A,B)  =  max  [sup  6(A,b),  sup  6(B,a)] 
beB         aeA 


This  definition  allowed  him  to  say  the  sequence  (A  )   j  converges  to  A 

if  lim   H(A  ,A)  =  0.   Hausdorff  also  defined  four  other  notions  of  a 
n    n 

limit  of  sets  and  compared  these  limits  to  the  metric  limit. 

The  idea  of  integrating  a  set-valued  function  is  also  not  new.   In 
1930,  A.  Kolmogoroff  considered  the  integration  of  real  set-valued 
functions  defined  on  a  measurable  space,  but  he  required  the  integral  to 
be  single-valued.   Likewise  in  1935,  G.  Birkhoff,  using  a  generalization 
of  Frechet's  "relative  integral  ranges,"  defined  an  integration  process 
for  functions  whose  values  are  subsets  of  a  Banach  space.   Given  a 
positive  measure  space  (S,£,p.)>  a  function  f  defined  on  S  with  values 
that  are  subsets  of  a  Banach  space,  and  a  countable  decomposition 
A  =  {E.}  of  S,  the  integral  range  of  f  relative  to  A  is  the  convex 
closure  of  the  set 


I      f(E  )u(E  ) 

i=l 


After  showing  that  any  two  integral  ranges  have  a  nontrivial 
intersection,  Birkhoff  says  f  is  integrable  if  the  intersection  of  the 


integral  ranges  is  a  point.   So,  as  with  Kolmogorof f,  Birkhoff  is  only 

willing  to  consider  single-valued  integrals. 

C.E.  Rickart  [20]  showed  in  1942  that  he  was  willing  to  consider  a 

set-valued  integral.   He  wanted  to  integrate  functions  whose  values 

where  subsets  of  a  locally  convex  topological  vector  space.   To  employ 

limits  in  defining  his  integral,  Rickart  generalized  Hausdorff's  metric 

limit  of  sets.   He  did  this  by  utilizing  von  Neumann's  system  A  of 

neighborhoods  about  the  origin  (see  [18]).   Now  the  limit  of  a  sequence 

of  sets  (A  )°°  ,  is  A  if  for  any  V  in  A  there  is  an  n   so  that 
n  n=l  v 

A  £  A  +  V  and  A  £  A  +  V 
n  n 

whenever  n  >   n  .   Now  for  a  set  E  in  the  measurable  space  (S,E),  Rickart 
v 

says  f  is  A-integrable  if  there  is  a  set  I(f,E)  so  that  for  any  V  e  A, 

there  is  a  countable  decomposition  A   so  that  if  a  decomposition  A  is 

finer  than  A  ,  then  the  sequence  (f(E  n  E  ):  E   e  A)    has  the  property 
v  n    n     n— j. 

that  there  is  a  finite  set  of  natural  numbers  ti   so  that 

£f(E  n  E  )  £  I(f ,E)  +  V  and  I(f ,E)  £  £f(E  n  En)  +  V, 

for  any  finite  it  containing  it..  .   With  this  definition,  Rickart  provides 
an  integral  that  is  a  substantial  generalization  of  the  integrals  of 
Kolmogorof f  and  R.S.  Phillips.   Note  that  Rickart 's  integral  is  defined 
just  in  terms  of  the  function  to  be  integrated;  we  do  not  integrate  a 
function  against  a  measure,  as  we  do  with  other  integrals. 

An  entirely  different  approach  to  integrating  set-valued  functions 
was  provided  by  R.J.  Auraann  in  1965  [2].   For  Aumann's  integral  we 


consider  S  to  be  the  unit  interval  [0,1],  X  the  Lebesque  measure  on  S, 
and  F  a  function  from  S  into  the  nonempty  subsets  of  euclidean  n-space 
En.   Let  F  be  the  set  of  all  functions  which  are  Lebesque  integrable 
over  S  and  f(s)  e  F(s)  for  all  s  e  S.   Now  he  defines  the  integral  of  F 
over  S  to  be 


/Fd\  =  {/fd\:  f  e  F  }. 
S       S 


After  defining  this  integral,  Aumann  proves  a  generalization  of 
Lebesgue's  dominated  convergence  theorem. 

In  1968  J.K.  Brooks  [5]  considered  the  problem  of  integrating  a 
Banach-valued  function  against  a  finitely  additive  set-valued  set 
function.   The  set  function  \x    is  defined  on  an  algebra  E  subsets  of  some 
set  S,  and  the  range  of  ^i  consists  of  convex  bounded  nonempty  subsets  of 
a  real  Banach  space.   With  this  setting  he  defines  the  integral  of  a 
Banach-valued  function  f  over  E  e  E  by  generalizing  the  Dunford 
integration  process  (see  [12]).   First  we  define  the  integral  of  simple 
functions 


f(s)  =  l&lLE   (s) 


to  be 


Jfdu  =  la   n(E  n  E  ) 
E 


If  f  is  not  simple,  then  we  seek  a  sequence  of  simple  functions 
(f  )  such  that  f   ■*  f  in  |i-raeasure,  the  integrals  of  the  f  's  are 


uniformly  absolutely  continuous  with  respect  to  the  variation  v(u),  and 
the  integrals  are  equicontinuous  with  respect  to  v(u).   If  such  a 
sequence  exists  we  can  define  f  unambiguously  as 


/f  du  =  lim  /f  du. 
E        n  E  " 


For  this  integral,  Brooks  proves  analogs  of  the  Vitali  convergence 
theorem  and  the  bounded  convergence  theorem.   Furthermore,  he 
generalizes  this  entire  process  by  defining  a  weak  integral  after  B.J. 

Pettis  [19].   Here  a  real-valued  function  f  is  said  to  be  weakly  u- 

* 

integrable  if  f  is  x  u-integrable  in  the  sense  defined  above  for 

*     * 

any  x   e  X  ,  and  for  each  E  in  £  there  is  a  convex  set  A  £  X  such  that 


it     ,    *        *    * 
A  =  Jfd(x  u.)  f°r  x   e  X  , 
E 


where  equality  means  that  the  Hausdorff  distance  between  the  sets  is 
zero.   Under  these  conditions  the  weak  integral  of  f  over  E  is 


(w)/f  du  =  A. 

E 


In  the  present  work,  our  principal  aim  is  to  demonstrate  a 
relationship  between  the  Rickart  A-integral  and  the  Yosida-Hewitt 
decomposition  of  a  finitely  additive  set  function.   The  Yosida-Hewitt 
decomposition  of  the  finitely  additive  set  function  u  can  be  expressed 


u(E)  =  C(E)  +  p(E), 


where  C  is  countably  additive  and  p  is  "purely  finitely  additive."   To 
achieve  this  decomposition  for  set-valued  set  functions  we  must  solve 
equations  of  the  form 

A  =  B  +  X 

for  the  set  X.   This  is  the  topic  of  chapter  II  section  1.   All  theorems 
in  this  section  are  original.   In  section  3  we  define  the  Hausdorff 
metric  and  give  necessary  and  sufficient  conditions  for  its 
completeness.   The  completeness  of  this  metric  belongs  to  the  realm  of 
mathematical  folklore,  but  the  author  has  been  unable  to  locate  a  proof 
in  the  literature.   So,  we  give  an  original  proof.   All  other  theorems 
in  this  section  are  original.   Section  4  deals  with  series  of  sets,  a 
problem  central  to  defining  a  countably  additive  set-valued  measure. 
Again  all  theorem  are  original. 

In  Chapter  III  we  define  and  discuss  the  properties  of  Rickart's  A- 
integral.   All  theorems  and  definitions  in  section  1,  except  Defintion 
8,  are  due  to  Rickart.   In  sections  2  and  3  we  provide  existence 
theorems  for  the  A-integral,  all  of  which  are  original  except  for 
Theorem  3.1,  which  is  due  to  Rickart. 

Chapter  IV  gives  relationships  between  the  A-integral  and  the 
Dunford  integral,  and  between  the  A-integral  and  the  Aumann  integral. 
All  theorems  in  this  chapter  are  original. 

Chapter  V  contains  our  main  theorems.   In  section  1  we  show  that 
the  A-integral  of  a  finitely  additive  complex  set  function  u  of  bounded 
total  variation  is  exactly  the  countably  additive  part  of  the  Yosida- 
Hewitt  decomposition  of  \i.       In  section  2  we  give  similar  decompositions 


for  set  functions  whose  values  lie  in  a  topological  vector  space,  and 
for  set  functions  with  values  in  a  normed  linear  space.   Our  main 
results  are  in  section  3;  we  provide  a  Yosida-Hewitt  decomposition  for 
finitely  additive  set  functions  whose  values  are  closed  bounded 
"rectangles"  in  Rn.   All  theorems  in  this  chapter  are  original. 


II.   OPERATIONS  ON  SETS 

In  order  to  effectively  implement  the  notion  of  a  set-valued 
measure  or  a  set-valued  integral,  certain  natural  questions  must  be 
addressed.   How  do  we  define  additivity  of  a  set-valued  function?   What 
is  the  proper  notion  of  convergence  of  sets?   Also,  can  we  define 
countable  additivity  for  set-valued  functions  in  a  reasonable  way?   This 
chapter  aims  at  answering  these  questions  and  providing  a  firm 
foundation  for  the  theorems  of  the  sequel. 

II. 1.   Algebra  of  Sets 

Mathematicans  often  find  it  useful  to  add,  multiply,  divide,  and 
perform  other  binary  operations  on  quantities  in  some  sort  of  consistent 
and  logical  fashion.   Fortunately,  many  of  the  algebraic  properties  of 
vector  spaces  pass  over  directly  to  collections  of  sets. 

1.  Definition.   Let  S  be  a  set  closed  under  the  binary  operation  *,  and 
let  A  and  B  be  nonempty  subsets  of  S.   Then 

A  *  B  =  {a  *  b:a  e  A,b  e  b}  . 

2.  Note.   If  we  take  S  to  be  a  vector  space  in  Defintion  1,  with  scalar 
field  <$,  then  the  following  vector  space  axioms  hold  ref.  3  (p.  359): 

9 
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1.  A  +  B  =  B  +  A, 

2.  A  +  (B  +  C)  =  (A  +  B)  +  C, 

3.  a(A  +  B)  =  aA  +  aB, 

4.  a(PA)  =  (op)A, 

5.  1A  =  A, 

6.  0  +  A  =  A, 

7.  0  •  A  =  0, 

where  A,B,C  are  nonempty  subsets  of  S,  a,p  are  elements  of  $,  and  0 
represents  both  the  origin  of  S  and  the  additive  identity  of  $. 

Unfortunately,  the  subsets  of  a  vector  space  S  do  not  have  additive 
inverses;  i.e. 

1.   A  -  A  *  0, 

unless  A  is  a  singleton  set,  and  the  distributive  property 

2.   (a  +  P)A  =  aA  +  PA 

holds  for  all  nonnegative  a,P  if  and  only  if  A  is  convex. 

In  the  sequel,  our  decomposition  theorems  will  require  us  to  solve 
equations  of  the  form 

A  =  B  +  X, 

t 
for  the  set  X  given  the  sets  A  and  B.   Thus  property  1.  is  particularly 

unfortunate  as  it  prevents  us  from  solving  this  equation  in  general. 


11 

However,  in  certain  special  cases,  a  solution  can  be  found. 

3.   Theorem.   Let  a  ,  b   be  real  numbers  such  that  a.  <  b.  for 
i  =  1,2.   Then 

[a^b^  +  [a2,b2]  =  [ax  +  a2,b1  +  b2  ]  . 

Proof.   Let  z  e  [a  ,b.]  +  [a  +  b  ].   Then  there  is  an 
x  e    [a  ,  b..]  and  aye  [a„,  b„]  so  that  x  +  y  =  z.   Since 
a   <  x  <   b   and  a   <  y  <  b„ ,  we  find  that 

a  +  a_  <  x  +  y  <  b-  +  b„ . 

So  z  e  [a1  +  a^jb,  +  b„]  and  thus 

[aj.bj]  +  [  a2,b2]  ~  [al  +  a2'bl  +  V* 
Now  let  z  e  [a..  +  a9,b,  +  b„],  and  define 


w  =  (z  -  a1  -  a2)(b1  +  b2  -  a^^  -  a2) 


Note  that  0  <  w  <  1,  and  so  if  we  define 


Cl  =  W^bl  "  al^  +  al' 
and 


C2  =  W(b2  "  a2)   +   a2' 


th 


en  c  e    [a  ,b  ]  and  c  e    [a   b  ]  .   Furthermore, 


Thus 
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Cl  +  C2  =  W^bl  +  b2  ~  al  ~  a2^  +  al  +  a2 


=  (z  -  a.  -  a„)  +  a^+  a„  =  z, 


[a^bj  +  [a2,b2]  -  [ax  +  a,,^  +  b2  ]  .   □ 


4.   Corollary.   Let  a,,  b.  be  real  numbers  with  a,  <  b.  for  i  =  1,2,  and 
suppose  b   -  a   >  b   -  a_ .   Then  there  is  a  set  X  such  that 


[a^b^  =  [a2,b2]  +  X. 


Proof.   The  inequality   b1  -  a   >  b„  -  a„   implies 

b  -  b  >   a.    -  a    so  define  X  =  [a,  -  a^.b.  -  b?J.   Then  Theorem  3 

yields  [a1,b  ]  =  [a2>b2J  +  X.   D 

This  theorem  can  be  easily  extended  to  "rectangles"  in  R  : 


5.   Definition.   Let  I.., !„,..., I   be  closed  intervals  in  R.   Define 


(I1>I2,...,In)  =  {x  £  Rn:Xl  e  Ix,x2  e  I2,...,xn  e  1^} 


We  call  (I  ,!,..., I  )  a  rectangle  in  R  . 


6.   Theorem.   Let  I.  =  fa.,b.l  and  J.  =  fc.,d.l  be  bounded  closed 
l    l  l   iJ      l    L  i   iJ 

intervals  in  R  for  i  =  l,2,...,n.   Then 
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where 


K  =  [a±   +  c1,b1  +  d1]  for  i  =  1,2,.  .  •  ,n. 


Proof.   For  i  =  1,2,  .  . .  ,n,  let   I   =  [a  .b.J, 

Ji  =  lci'dil'  and  Ki  =  lai  +  cl'bi  +  di]*   Let 

x  e  (I ,,..., I  )  +  (J1,---,Jn)-   This  is  true  if  and  only  if  there 

exists  y  e  (I.,...,!  )  and  z  e  (J^...,^)  such  that  x  =  y  +  z.   But 

this  holds  if  and  only  if  for  any  i  =  l,2,...,n,  there  exist  y±   e   I±, 

and  z   e  J   such  that  x±    *  y±   +  z±,  i.e.  x.  e  ^  +  Jj.   By  Theorem  3, 

for  every  i  =  l,2,...,n,  we  find  by  Definition  5  that 

x  e  (I1,...,In)  +  (J1,...,Jn)  is  equivalent  to  x  £  (^ , . . . ,Kn) .  □ 

In  the  case  of  a  general  normed  linear  space  X,  rectangles  cannot 

be  defined.   But  a  nice  algebraic  structure  may  be  defined  by 

considering  the  arithmetic  of  closed  balls.   Subtraction  is  still 

problematic  in  that  additive  inverses  do  not  exist  in  general,  but 

addition  of  closed  balls  extends  the  addition  of  closed  intervals  in  R. 

7.   Definition.   Let  X  be  a  normed  linear  space,  x  e  X  and  r  >  0.   Then 
the  closed  ball  of  radius  r  about  x  is  denoted  B(x;r)  and  is  defined  by 

B(x;r)  =  {y  e  X: ly  -  xl  <  r}. 


8.   Lemma.   Let  X  be  a  normed  linear  space  with  additive  identity  0  and 
let  r  and  s  be  nonnegative  real  numbers.   Then 

(a)   B(0;r)  +  B(0;s)  =  B(0;r  +  s), 
(b)   x  +  B(0;r)  =  B(x;r)  for  any  x  e  X. 
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Note:   by  x  +  B(0;r)  we  mean  {x}  +  B(0;r). 

Proof.   Part  (a):   Let  z  e  B(0;r)  +  B(0;s).   Then  z  =  x  +  y  where 
|x|  <  r  and  |y|  <  s.   Thus  |z|  =  |x+y|  <  |x|  +  |y|  <  r+s,  which 
implies  z  E  B(0;r  +  s). 

Now  let  z  £  B(0;r  +  s).   If  |z|  <  r,  then  z  =  z  +  0  implies 
z  £  B(0;r)  +  B(0;s).   So  assume  r  <  Izl  <  r  +  s  and  write 


z  =  z  + 


Then 


(7^ 


=  r  and 


=   z   -  r  <  s;  hence 


z  E  B(0;r)  +  B(0;s).   This  proves  (a). 

Part  (b) :   Let  z  e  x  +  B(0;r),  then  z  =  x  +  y  where  |y|  <  r. 
So  z  -  x  =  x  +  y  -  x  =  y  <  r,  which  gives  us  z  e  B(x;r). 

Let  z  £  B(x;r),  then  |z  -  x|  <  r,  so  write  z  =  x  +  (z  -  x) . 
Thus  z  e  x  +  B(0;r).  D 

9.   Theorem   Let  X  be  a  normed  linear  space,  x  and  y  in  X  and  r  and  s 
both  nonnegative.   Then 

B(x;r)  +  B(y;s)  =  B(x  +  y;r  +  s). 

Proof.   Lemma  5  implies  B(x;r)  +  B(y;s)  =  (x  +  B(0;r)) 

+  (y  +  B(0;s))  =  (x  +  y)  +  (B(0;r)  +  B(0;s))  =  (x  +  y)  +  B(0;r  +  s) 

=  B(x  +  y;r  +  s).   D 


10.   Corollary.   If  X  is  a  normed  linear  space  and  r  >    s   >    0,  then  for 
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any  x  and  y  in  X,  there  is  a  set  Y  —  X  such  that 

B(x;r)  =  B(y;s)  +  Y. 

Proof.   Since  r  >  s  >  0  we  have  r  -  s  >  0.   Let  Y  =  B(x  -  y;r  -  s);  then 
Theorem  9  yields  the  desired  result. 

11.   Note.   In  Corollaries  4  and  10  we  required  the  diameter  of  B  to  be 
less  than  or  equal  to  the  diameter  of  A  in  order  to  solve 

A  =  B  +  X 

for  X,  where,  in  a  normed  space 


diameter  Y  =  sup  (a   -  a   :  a ,  ,a   e  Y] 


This  sufficient  condition  is  easily  seen  to  be  also  necessary,  as  the 
diameter  of  a  sum  of  sets  is  at  least  as  large  as  the  diameter  of  any 
individual  summand.   To  see  this,  note  that  if  C  and  D  are  arbitrary 
sets  in  a  normed  space,  then  for  any  e  >  0,  there  exist  c, ,  c„  in  C  such 
that 


c   -  c    >  diameter  C  -  e. 


For  any  d  in  D,  c.  +  d  and  c   +  d  are  in  C  +  D,  so 


diameter(C  +  D)  >  j (c   +  d)  -  (c   +  d) |  =  |c   -  c  |  >  diameter  C  -  e. 
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Hence  diameter  (C  +  D)  >  diameter  C. 

II. 2.   Convergence  in  Topological  Vector  Spaces 

Now  that  we  have  established  some  primitive  algebraic  properties  of 
collections  of  sets,  a  natural  question  arises.   If  we  are  to  do 
analysis  on  set-valued  functions,  how  do  we  take  limits  of  sets?   Well, 
loosely  speaking,  we  might  say  a  sequence  of  sets  (A  )  converges  to  a 
set  A  if  the  elements  of  the  sequence  are  arbitrarily  close  to  A.   But 
this  poses  another  problem:   how  do  we  define  "closeness"  for  sets? 

Closeness  for  sets  in  a  metric  space  can  be  defined  in  terms  of  the 
Hausdorff  metric  (see  section  3).   For  sequences  of  points  in  a  general 
topological  vector  space,  J.  von  Neumann  [18]  introduced  a  notion  of 
convergence  where  closeness  was  defined  in  terms  of  a  system  of 
neighborhoods  of  the  origin.   C.E.  Rickart  [20]  later  generalized  this 
notion  to  include  convergence  of  sets  in  a  locally  convex  topological 
vector  space,  and  it  is  Rickart's  generalization  that  we  present  here. 

1.   Definition   ref.  21  (p.  7).   We  say  a  vector  space  X  is  a 
topological  vector  space  if  X  has  a  topology  x  such  that  every  point  of 
X  is  a  closed  set,  and  vector  addition  and  scalar  multiplication  are 
continuous  with  respect  to  t. 

A  collection  A  of  neighborhoods  of  zero  is  said  to  be  a  local  base 
at  zero  if  every  neighborhood  of  zero  contains  a  member  of  A. 

We  say  a  topological  vector  space  is  locally  convex  if  there  is  a 
local  base  at  zero  whose  elements  are  convex. 
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A  set  V  £  X  is  said  to  be  balanced  if  aV  £  V  for  any  a  e  $, 
where  |a|  <  1  and  $  is  the  scalar  field  associated  with  the  vector  space 

X. 

2.  Remark.   By  Theorem  1.14  and  its  Corollary  in  ref.  21  (p.  11-12), 
every  locally  convex  topological  vector  space  X  has  a  balanced  convex 
local  base  A  at  zero.   We  can  use  A  to  define  a  convergence  of  sets  in  X 
that  extends  the  usual  notion  of  net  convergence. 

3.  Definition.   Let  X  be  a  locally  convex  topological  vector  space  with 
balanced  convex  local  base  A,  and  let  A,  B  -  X.   We  say  A  and  B  are 
equal  within  V  e  A  ref.  20  (p.  500)  if 

A  £  B  +  V  and  B  £  A  +  V. 


4.   Definition.   Let  (I,  >)  be  a  directed  set,  let  (A  )     be  a  net  of 

iel 
subsets  of  a  locally  convex  topological  vector  space  X  with  balanced 

convex  local  base  A,  and  let  A  £  X.   We  say  (A.)     converges  to  A,  in 

1  iel 
symbols 


lim.  A.  =  A, 
l   l 


if  for  any  V  e  A,  there  is  an  i   el  such  that  i  >  i   implies  A.  and  A 
J  '  v  VI 

are  equal  within  V. 
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II. 3.   Convergence  In  Metric  Spaces 

If  two  sets  are  in  a  normed  linear  space  X,  we  may  use  the 
definitions  of  the  previous  section  to  obtain  a  measure  of  the  distance 
between  the  sets.   Here  the  balanced  convex  local  base  is  the  collection 
of  all  neighborhoods 


S  (0)  =  {x  e  X: |x|  <  e] 


and  we  say  A  and  B  are  equal  with  e  if 


A  £  B  +  S  (0)  and  B  £  A  +  S  (0) . 


This  equality  within  e  is  also  a  special  case  of  the  Hausdorff 

metric,  which  is  a  distance  function  on  the  nonempty  bounded  subsets  of 

an  arbitrary  metric  space.  It  is  this  metric  that  we  consider  in  this 
section. 

1.  Remark.   Throughout  this  section  S  will  denote  a  set  with  a  metric 
d,  and  we  say  a  set  A  -  S  is  bounded  if  for  any  s  e   S  there  is  an 

M   <  °°   such  that  d(a,S)  <  M   for  all  a  e  A;  8  will  denote  the 
collection  of  all  nonempty  bounded  subsets  of  S. 

2.  Definition   ref.  13  (p.  167).   Let  A  eB  and  B  eB,  and  let 

6(A,b)  =  inf  d(a,b), 
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C(A,  B)  -  sup  6(A,  b), 


where  the  infimum  Is  taken  over  all  a  e  A  and  the  supreraum  is  taken  over 
all  b  e   B.   Then  we  define  the  Hausdorff  metric  H  by  the  formula 

H(A,B)  =  max  {C(A,B),  C(B,A)}. 

3.  Note.   H  defines  a  metric  on  8  if  and  only  if  we  identify  all  sets  A 
and  B  which  satisfy  H(A,  B)  =0.   In  a  topological  vector  space  X  whose 
topology  Is  induced  by  a  metric  d,  Lemma  4  along  with  Theorem  1.13(a) 
ref.  21  (p.  11)  will  show  that  H(A,B)  =  0  is  equivalent  to  A  =  B.   So  we 
say  A  is  (closure)  equivalent  to  B  if  A  =  B  and  H  is  a  metric  on  the 
collection  of  (closure)  equivalence  classes. 

The  relationship  between  equivalence  within  e  and  the  Hausdorff 
metric  is  clarified  by  the  following  Lemma: 

4.  Lemma .   Let  A  e  B  and  B  e  B,  then 

H(A,B)  =  inf  {r  e  R:r  >    0,  S  (A)  2  B  and  Sr(B)  2  A} . 

Proof.   Let  a  =  H(A,B),  then  for  an  arbitrary  b  e  B  and  a  e  A, 
a  >  6(A,b)  and  a  >   6(B,a).   Thus  Sa+£(A)  2  B  and  Sa+£(B)  2  A  for 
any  e  >  0,  which  implies  that 

H(A,B)  >  inf  {r  e   R:r  >  0,S  (A)  2  B  and  Sr(B)  2  A}  . 


Let  z    >  0  be  given.   There  is  an  r   >  0  with 
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Sr  (A)  ^  B,  Sr  (B)  2  A, 

e  e 


and 


r   <  inf  (r  e  R:r  >   0,S  (A)  -  B,S  (B)  -  a}  +  e 
e       L  r        r 


Now  S   (A)  -  B  implies   (A,B)  <  r  ,  and  Sr  (B)  -  A  implies  C (B, A)  <  r^ 

e  e 

Therefore 


H(A,  B)  <  re. 


Since  e  was  chosen  arbitrarily, 


H(A,B)  <  inf  {r  e  R:r  >  0,S  (A)  2  B.S^B)  2  a}  .   D 

Two  useful  concepts  in  defining  the  limit  of  a  sequence  of  sets  are 
the  concepts  of  upper  and  lower  limits  of  the  sequence. 


5.   Definition   ref.  13  (p.  168).   Let  (A  )     be  a  sequence  of  subsets 

n  n=l 
of  S.   Define  A  to  be  the  set  of  all  x  in  S  such  that  there  is  a 

sequence  (a  )    with  a   e  A  for  n  =  1,2,.  .  .  ,  and  a  ■*■  x  as  n  ♦  <=°. 
^        n   ,        n    n  n 

_n=l 

Define  A  to  be  the  set  of  all  x  in  S  such  that  there  is  sequence  of 


k'<  -  "  "      *  Vk-i  "k      nk 


positive  integers  (nu)     and  a  sequence  (an  )    with  a^   e  A^   for 

k=l 

k  =  1,2,.  .  .  ,  so  that  a   ■*■  x  as  k  -»• 
'  '  n. 

k 


6.   Lemma.   Let  (A  )   ,  be  a  sequence  from  8  that  is  Cauchy  in  H.   Then 
n  n=l 

A  -  A. 
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Proof.   Clearly  A  £  A.   Also,  If  A  -  0,  it  Is  clear  that  A  £  A.   So  let 
x  e  A.   Then  there  is  a  sequence  (nu)k=1  and  a  sequence  (xk)k=1  with 

x.  e  A    for  k  =  1 ,2, .  .  •  , 
and 

■*■   x   as  k  ■*■   °>. 


\ 


There  is  an  m-^  from  the  sequence  (nu)i._i  so  that  if  n  >  m^  and  m  >  m.^  we 
have 


H<  W  <  1 


If  m,  ,  .  .  .  ,m  .  ,  have  been  chosen,  we  may  choose  mH  from  the 
1 '    '  j— 1  J 

jquence  (n,  ),  ,  so  that  m.  >  m.  ,  and  if  n  >  m.,  m  >  m.  then  we  find 
4        k'k=l          j     j-1  J'      J 


H(A  ,A  )  <  K. 
n'  m'     j 


Continuing  in  this  fashion  we  obtain  a  sequence  (m.)-=1  anc*  a 
corresponding  subsequence  (x   )  .  ,  from  the  sequence  (xk)u_i  >  so  that 


as  j  + 


and 


H(A  ,A  )  <  K 
n'  m'    2j 


whenever  n,m  >  m. 
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Now  we  construct  a  sequence  (b  )    from  the  sequence  (xffl  )  ,  ^  as 

follows:   if  n  <  m^,  we  choose  any  z  in  A^  and  set  bn  =  z; 

if  m ,   <  n  <  m ., , .  choose  z  e  A  so  that 
j        j+l  n 


d(x   ,z)  <  — r, 
m.      2j 


and  set  b   =  z:  and  if  n  =  mH  for  some  j,  set  b   =  x   .   Next  we  will 
n  J  n    m . 

show  that  (b  )   ,  converges  to  x. 
n  n=l 

Given  e  >  0  there  is  a  positive  integer  j  so  that 


Then  for  any  n  >  m.,  there  is  an  m,  >  m .  so  that 

\  <  n  <  "W 


and  there  is  an  m  >  m,  so  that 
P    k 


d(xm  ,x)  <  J. 
P 


This  implies 


p-1 
d(bn,x)  <  d(bn,b   )  +  I     d(b   ,b    )  +  d(bm  ,x) 
Tc    i=k    l    l+l        p 


1  +^<  e. 


2    i=k  2 


Thus  b  ■*■   x  as  n  ->  ro,  and  this  implies  that  x  e  A.   Therefore 
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A  £  A  .   0 

The  statement  of  the  next  theorem,  concerning  the  completeness  of 
the  Hausdorff  metric,  does  appear  in  the  literature  (see,  for  example, 
Brooks  ref.  5  (p.  312)).   However,  the  proof  of  this  theorem  does  not 
appear,  and  so  for  the  sake  of  completeness  we  give  an  original  proof 
here. 

7.   Theorem.   Let  (S,d)  be  a  complete  metric  space.   Then  (8,H)  is  a 
complete  metric  space. 

Proof.   Let  (A  )°°  ,  be  a  Cauchy  sequence  of  sets  from  8.   We  will  show 
n  n=l 

A  ■*■   A  as  n  ♦  0D. 
n   — 

Let  e  >  0  be  given.   Then  there  exists  an  integer  N£  so  that  if 

n,m  >  N  we  have 
e 


CD  H(An,Am)  <  f 


Also,  for  any  x  in  A_,  there  is  a  sequence  (x  )   j  with  xn  e  An  for 
n  =  1,2,...,  and  x  ->  x  as  n  ■*  «.   Thus  there  is  an  m  >  N  so  that 

'  n  E 


d(xm,x)  <  |. 


For  this  x_,  (1)  implies  that  for  any  n  >  N  ,  there  is  an  a  e  An  so  that 


d(x,a)  <  -K-. 


Hence  for  any  n  >  N  ,  there  is  an  a  e  A  so  that 
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d(x,a)  <  d(x,x  )  +  d(x  ,a)  <  e. 


Therefore  we  find  that  for  any  n  >  N  , 


x  e  S  (A  ) , 
e   n 


and  since  x  was  chosen  arbitrarily  in  A, 


A  £S  (A  ) 
—   e  n 


There  is  an  integer  N..  so  that  for  any  integers  n,m  >  N.  we  have 


H<W  <  i 


Suppose  N, , .  .  .  ,N.  ,  have  been  chosen.   Then  we  choose  an  integer 

N  >  N,  .  so  that  if  n  >  N,  and  m  >  N.  we  have 
k    k-1  k  k 


H(A  ,A  )  <  ^7 

n  m     k 


Continuing  this  process  by  induction  we  obtain  an  increasing  sequence  of 
integers  (N,  ),  ,  with  the  property  that 


H(A  ,A  )  <  \  , 
n  m    2k 


whenever  n.m  >  N,  • 
k 

Let  £  >  0  be  given  and  choose  a  positive  integer  k   so  that 
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k    4 

2Ko      " 

Let  n  be  arbitrary  with  n  >  N,  ,  and  let  z  e  A  .   Then  there  is  a 

K0 
k7  >  kn  so  that 


\   <  n  <  \+l 


and  there  is  a  b   e  A^   with  the  property 

~kl 
d(z,b,  )  <  2    . 


Now  for  each  m  >  ^  we  may  choose,  via  induction,  an  element  bffl  e  AN  so 

m 

that 


d(b   .,b  )  <  —  . 
v  m-1'  m     „m-l 


In  this  way  we  obtain  a  sequence  (b  )   .  ,  where  b   e  A^^  and 

m  m   1         l      m 


d<Wi>  < 2_m 


for  m  =  1,2 ,  .  .  .  . 

Let  a  >  0  and  let  M  be  a  positive  integer,  chosen  sufficiently 
large  so  that  2~   <  a/2.   If  m  and  n  are  integers  satisfying  n  >  m  >  M, 
then 


d(bn,bm)  <  I      d(b.,b.+1) 
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n-1   . 

i=m  I  2 


Hence  the  sequence  (b±)laik  is  Cauchy.   Since  S  is  complete,  there  is  an 
x  e  S  so  that  b  -»•  x  as  i  ■»■  <*>.      This  implies  x  e  A,  and  by  Lemma  6, 
x  e  A.   Also,  we  see  that  there  is  a  p  >  k..  so  that 


Thus 


d(b  ,x)  <  f. 


p-1 
d(z,x)  <  d(z,b,  )  +  I        d(b   b    )  +  d(b  x) 

fcl       i=k      x  p 


k,    .  ,    0i    4 


21   i=kx  2 


1   .e'£.  £_■__£ 
4   2   4 


Therefore,  for  any  n  >  N   , 


A  £  S  (A) 
n    E  — 


Hence,  for  a  given  e  >  0,  there  is  an  N  =  max  {N  ,N„}  so  that  for 
any  n  >  N, 


A  £  S  (A  )  and  A  £  S  (A), 
—    en'      n    z  — 


that  is, 


H(A  ,A)  <  e. 
n  — 
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This  implies  A  e  B  and 


lira  H(A  ,A)  =  0.  □ 
n  — 


So  the  completeness  of  (S,d)  is  sufficient  to  guarantee  the 
completeness  of  (B,H)  and  its  is  easy  to  see  that  this  condition  is 
necessary.   For  example,  if  (x  )^=]_  is  a  Cauchy  sequence  with  no  limit 
in  S,  then  ({x  J)0".-,  is  a  Cauchy  sequence  with  no  limit  in  B.   Therefore 
the  Hausdorff  metric  is  complete  if  and  only  if  its  is  defined  on  a 
complete  metric  space. 

11.4.   Summation  of  Sets 


Now  that  we  have  defined  the  concept  of  limit  for  sequences  of 
sets,  can  we  defined  the  sum  of  a  series  of  sets?   The  natural  approach 
is  to  take  the  limit  of  the  sequence  of  partial  sums.   For  example,  in  a 
metric  space  we  might  say 


y    A  =  A 

i  n 
n=l 


if 


N 
lira  H(X   An,A)  =  0. 

N-x»    n=l 


However,  a  more  stringent  condition  is  needed  to  define  a  countably 
additive  set-valued  set  function. 
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Let  (A  )"  ,  be  a  countable  disjoint  collection  of  subsets  of  a 
n  n=l 

measure  space  (S,£,n),  and  let  (B  )   .  be  any  arbitrary  rearrangement  of 
the  A  's.   Then 


U  A   =   u  B  , 
n       m' 
n=l      m=l 


which  implies 


I     u(An)  =  »i(  u  An) 
n=l  n=l 


=  u(  u  Bm) 
m=l 


m=l 


Thus  not  only  must  the  series  Zp.(A  )  converge,  but  any 
rearrangement  of  this  series  must  also  converge  to  the  same  value. 

1.   Definition   ref.  14  (p.  959).   Let  X  be  a  normed  vector  space  and 

let  Ex  be  a  series  whose  terms  are  in  X.   We  say  that  E  x  is 
n  n 

n  n 

unconditionally  convergent  if 


lim  J  x  exists  in  X, 
L      n 


where  the  limit  is  a  Moore-Smith  limit  (see  ref.  4  or  ref.  16),  and  u  is 

the  generic  symbol  for  a  finite  subset  of  the  nonnegative  integers. 

We  say  the  sequence  (x  )   ,  is  unconditionally  summable  if  the 
J  n  n=i 

corresponding  series  Z   x   is  unconditionally  convergent. 
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Now  let  X  be  a  locally  convex  topological  vector  space  with 

CO 

balanced  convex  local  base  A,  and  let  (B  )   .  be  a  sequence  of  subsets 
of  X.  We  say  (B  )°       is  unconditionally  summable  to  B  ref.  20  (p. 50)  if 
for  every  V  e  A,  there  is  a  %     such  that  I  B  and  B  are  equal  within  V 

■K 

for  any  n  2  n  . 

In  the  case  where  (B  )   ,  is  a  sequence  of  subsets  of  a  metric 

soace  S  we  say  (B  )   ,  is  unconditionally  summable  to  B  if  for  any 

v  '  J        n  n=l 

e  >  0,  there  is  a  it  so  that 

H(B,E  B  )  <  e 


whenever  n  ->   it  . 
—  e 


2.  Note.   When  X  is  a  topological  vector  space  whose  topology  is 
generated  by  a  metric  d,  then  by  Lemma  3.4,  the  two  notions  of 
unconditional  summability  of  sets  in  Definition  1  coincide  for  sequences 
of  bounded  sets.   Also,  these  definitions  of  unconditional  summability 
of  sets  extend  the  definition  for  sequences  of  points. 

Another  type  of  unconditional  convergence  of  sets  has  been 
introduced  by  Birkhoff  ref.  3  (p.  362).   Birkhoff  uses  the  natural 
approach  of  defining  unconditional  convergence  of  "summable  selections" 
from  the  terms  of  the  set  series. 

3.  Definition   ref.  3  (p.  362).   Let  (A  )   -  be  a  sequence  of  subsets 

of  a  Banach  space  X.   We  say  (A  )   ,  is  unconditionally  selection 

summable  to  a  set  A  in  X  if  any  series  E  b^  (with  bn  e  B^  for 

n 
n  =  1,2,...)  is  unconditionally  convergent,  and  A  is  the  locus  of  all 
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such  sums . 

This  definition,  apart  from  being  a  natural  extension  of 
unconditional  summability  for  sequences  of  points,  seems  easier  to  work 
with  than  Rlckart's  Definition.   Thus  many  of  the  more  recent  works 
(e.g.  [1,10,11,22])  employ  definitions  very  similar  to  that  of 
Birkhoff.   The  next  theorem  shows  Rlckart's  definition  is  at  least  as 
general  as  Birkhoff 's. 

4.   Theorem.   (B  )   ,  is  a  sequence  of  subsets  of  a  Banach  space  X  and 
n  n=l 

if  (B  )°°    is  unconditionally  selection  summable  to  B,  then  (B  )   , 
n  n=l  n  n-i 

is  unconditionally  summable  to  B. 

Proof.   Let  (B  )   ,   be  a  sequence  of  subsets  of  a  Banach  space  X  such 
n  n=l 

that  (B  )°°    is  unconditionally  selection  summable  to  B.   Then  given 
n  n=l 

e  >  0,  there  is  an  N  such  that  N  <  k   <  ...  <  k   implies 


I  i=l   il   l 


Define  it   =  1 1,2 ,  .  .  .  ,N  }  .   Then  for  any  n   2  it  and  any  collection 

e         l         e '  e 

(b  ]    with  b   e  B  ,  there  is  a  sequence  (b  )   ,  such  that  each  element 
1  nJneit       n    n'  n  n=l 

of  {b  }     appears  as  a  term  of  (b  )   , ,  and  there  is  a  b  e  B  such  that 
1  n'ne-rt  n  n=l 


lim  J  b   =  b. 

L      n 
Tl   it 


Thus  there  is  a  %     2  it  such  that 


(2)  |b  "  I   b  I  <| 


nl    2 
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So  (1)  and  (2)  now  Imply  that  for  any  %   2  %   ,  there  is  a  b  in  B  so  that 

ib-ybi<ib-yb|  +  |yb  -  y  b  i 

lu   L     n'    I      i  nl    I  ,  n    L     n' 


Tt         Tl 


<  2  +  2  =  £ 


Hence  for  any  u  2  it 

J  £ 


(3)  IB  £B+  S  (0) 


Now  given  any  b  £  B,  there  is  a  sequence  (bn)n=1>  with  bn  e  Bn»  for 
n  =  1,2,  ... ,  such  that 


lira  T  b  =  b. 

L      n 

Tt   Tt 


Thus    there    is   a   Tt     2    it      (where   Tt      is    defined   as   above)    such   that 


(4)  lb-2tbJ<!> 

Tt' 


and  consequently  (1)  and  (4)  imply  for  any  it  2  it  , 


lb  -  y  b  I  < 

'  "      Tl 


Hence  for  any  %    2  %    , 


(5)  B  £  I   Bn  +  S£(0) 
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Therefore,  (3),  (5),  and  Lemma  3.4  imply 


H(B,X  Bn)  <  e 


whenever  it  2  it  ,  which  shows  that  (B  )   .is  unconditionally  summable  to 
e  n  n=i 

B.   □ 

5.   Note.   The  converse  of  Theorem  4  is  not  true  in  general.   As  an 

2 

example  let  X  =  R  and  define 


B  =  {(x,y)  e  R2|y  =  ~]    for  n  =  1,2, 


Then  if  %   is  any  finite  subset  of  the  nonnegative  integers  containing  at 
least  two  elements  we  find 


I   B  =  R' 


CD  2 

Hence  (B  )   ,  is  unconditionally  summable  to  R  ,  but  the  sequence 
n  n=l 

((n,l))   ,  certainly  is  not  unconditionally  summable  to  any  element  of 

2  °° 

R  .   So  (B  )     is  not  unconditionally  selection  summable.   However, 
n  n=l 

when  the  sequence  (A  )  consists  of  bounded  sets,  the  two  definitions  are 
equivalent . 


6.   Theorem.   Suppose  (A  )   .  is  a  sequence  of  bounded  subsets  of  a 
r      n  n=l 

Banach  space  X,  and  suppose  (A  )  is  unconditionally  summable  to  A,  then 
(A  )  is  unconditionally  selection  summable  to  A. 
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Proof.   By  Note  II. 3. 3  we  may  assume  that  the  An's  and  A  are  closed. 

Let  e  >  0  be  given.   Since  (A  )  is  unconditionally  summable  to  A, 

there  is  a  u  such  that  n   =  %     implies 
e  z 


H(A,  I   An)  <  e. 

■n. 

This  implies  that  if  (B  )   ,  is  an  arbitrary  rearrangement  of  (A  )   ,  , 
n  n=i  n  n— i 

there  is  a  natural  number  N  so  that  m  >  N  results  in 


H(A,  I      Bn)  <  £. 
n=l 


The  proof  of  Theorem  II. 3. 7  shows  that  A  is  the  set  of  all  a  in  X  with 


I     b  = 
n=l  n 


for  some  sequence  (bn)  with  bn  in  Bn  for  n  -  1,2, 


Given  (b  )  with  b   e  B  ,  there  exists  N  such  that  m  >  N  implies  there 
x  ny       n    n'  e  e 

exists  a   e  A  such  that 


I      b   ~  a    I  <  T- 
u        n    mi    3 


n=l 


In  addition,  there  is  an  M   so  that  if  M  <  m  <  k  then 


H(0,  I      Bn)  <  3, 
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which  in  turn  implies 


So 


II  W   <  T 


k  m              k 

la,  -  a  I  <    1 1     b  -  a.  I  +  I X  b  -a  l  +  IJ  b  I  <  ^  +  ^  +    -  „  , 

Ik    m'    I u   .    n  k'    ' L   ,  n    m1    '     m    J    J    J 

n=l  n=l            n=m 


when  in  and  k  are  chosen  so  that  N  v  M  <  m  <  k.    So  the  sequence  (a  ) 
is  Cauchy;  hence  a  ■*■   a  for  some  a  in  A. 

Hence  for  any  e  >  0  there  is  an  L   so  that  n  >  L   implies 


Thus 


I       I  ^  e 
a  -  a   <  ■=■ 


-   Y      b    I    <    la      -  a|    +    la      -  T      b    I    <■§  +  •§•<  e, 
^   „    n '         lm  I  im        ",    n '         I        5 

n=l  n=l 


if  we   chose  m   >  L     v  N    .      Whence 
E  e 


(l)  I     b 

n=l 


The  above  argument  shows  that  any  given  rearrangement  converges, 
thus  the  sum  in  (1)  is  unconditionally  convergent  (see  A  of  ref.  14). 

Hence  (An)  is  also  unconditionally  selection  summable. 

The  next  theorem  characterizes  infinite  sums  in  the  special  case 
where  the  summands  are  bounded  closed  intervals. 
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7.   Theorem.   Let  (a  )"  ,  and  (b  )   ,  be  two  sequences  of  real  numbers 
n  n=l       n  n=l 


with  a  <  b  for  n  =  1,2,...,  and  with 
n    n 


I     a  =  A,  T  b  =  B, 
L   ,  n    '  L  ,    n 
n=l        n=l 


where  A  and  B  are  real.   Then 


I      [an,bn]  =  [A,B] 
n=l 


Moreover,  if  the  sequences  (a  )   ,  and  (b  )   .  are  unconditionally 
'  n         n  n=l       n  n=l 

summable,  then  so  is  ([a  ,b  1)   .  . 
'  L  n   n  n=l 

Proof.   Given  an  e  >  0,  there  is  a  natural  number  N  so  that 
if  k  >  N,  then 


k  k 

(1)   IV  a   -  Al  <  e  and  IT   b   -  b|  <  e. 
n=l  n=l 


Applying  Theorem  1.3  k  -  1  times,  we  find 


k  k      k 

(2)   V   [a  ,b  1  =  [y   a  ,  y   b  ]. 
v  J      L   ,  l  n'  nJ    lL    .    n'  L    .    nJ 
n=l  n=l     n=l 


So  (1)  and  (2)  imply 


I      [an,bn]  E  [A,B]  +  (-e,e), 
n=l 


and 
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k 
[A.B]  S  I      [a.b  ]  +  (-e,e). 


Thus  for  any  e  >  0,  there  is  an  N  such  that  if  k  >   N,  we  have 


and  we  write 


H(I   [an,bn],[A,B])  <  e, 
n=l 


I      [an,bn]  =  [A,B]. 
n=l 


Now  let  us  suppose  that  (a  )   ,  and  (b  )    .  are  unconditionally 
rr  x  n  n=l       n   n=l 

summable  to  A  and  B,  respectively.   Then  given  an  e  >  0,  there  is  a 
finite  set  of  natural  numbers  %     so  that  if  it  -   it  we  find 


1 Y  a  -  Al  <  e  and  IT  b  -  b|  < 

i L     n     I  I L      n     I 


Hence,    as    above, 


H(I    [an,bn],[A,B])    =   E{[1   an,    I   bJjA.B])    <   e, 

n  ti  it 

whenever  %   -  n    .      This  implies  the  sequence  (fa  ,b  1)   .  is 
e  v  ^      w  n'  nJ  n=l 

unconditionally  summable  to  [A,B] .   U 


III.   THE  A-INTEGRAL 

The  set-valued  A-integral  will  be  central  in  our  extension  of  the 
Yosida-Hewitt  decomposition.   In  section  1  we  give  the  definition  and 
important  properties  of  the  integral.   Of  particular  interest  is  the 
result  which  shows  that  the  integral  is  always  countably  additive.   In 
sections  2  and  3  we  give  sufficient  conditions  for  the  existence  of  the 
A-integral  of  a  finitely  additive  set  function. 

III.l.   Definitions  and  Basic  Properties 

In  this  section  we  review  the  definition  and  basic  properties  of 
the  A-integral  of  a  set-valued  set  function  whose  range  lies  in  a 
locally  convex  topological  vector  space.   This  integral  was  first 
introduced  by  Rickart  [20]  as  a  generalization  of  work  done  by  R.S. 
Phillips  and  A.  Kolmogoroff.   In  Rickart's  paper,  the  results  are  stated 
for  a  function  defined  on  a  measure  space.   Here  we  state  his  results 
for  a  set  function  defined  on  an  algebra  of  subsets.   The  same  proofs  go 
through  unaltered.   These  slightly  more  general  results  will  be  useful 
later  in  generalizing  the  Yosida-Hewitt  decomposition.   All  definitions 
(except  for  Definition  8)  and  all  theorems  in  section  1,  excepting  the 
modification  mentioned  above,  are  due  to  Rickart  [20] . 
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1.   Definition.   Let  S  be  a  set  and  let  £  be  an  algebra  of  subsets  of 

S.   By  a  subdivison  A  of  S  we  mean  an  at  most  countable  collection  of 

pairwise  disjoint  sets  from  E  whose  union  is  all  of  S.   In  what  follows, 

A  (with  or  without  subscripts)  will  always  denote  a  subdivision  of  S. 

Let  A  ,  A   be  subdivisions  of  the  same  set  S,  then  we  say  Ax  is 

finer  than  A  ,  in  symbols  A   >  A2 ,  if  for  every  E±    e   A1  there  is  a 

E2   e  A  such  that  E*  £  E   .   The  product  of  two  subdivisions  is  a 

ni    2  ±  "i 

subdivision  defined  by 


A^  =  {e\    n  e2:eJ  e   ArE2  e  A, 


Let    A      =    {e°}    be   a   subdivision   and    (A,  )   "     an   arbitrary   sequence   of 
Ok  K  ki 

subdivisions.      Then   the    subdivision   A  which   coincides   with    A^  on  E^   for 


ill  k   is    called   the   sum   of    (A    J    over   A    ,    i.e. 


A  =    {e£    n  E*:E°   e   AQ,    E^   e   Aj 


In  the  remainder  of  this  section  we  assume  S  is  a  set,  E  is  an 
algebra  of  subsets  of  S,  X  is  a  locally  convex  topological  vector  space, 
A  is  a  balanced  convex  local  base  for  X,  and  \i:      £  •>  P(X)  is  a  set- 
valued  set  function.   We  do  not  assume  |i  is  additive. 


2.   Definition.   Given  V  e  A  and  a  decomposition  A  =  {e  }  we  use  the 

symbol  J(p.,A,A)  to  represent  the  sequence  (p.(A  n  E  ))    .  We  say 

k=l 
J(p.,A,A)  is  unconditionally  summable  to  a  set  B  with  respect  to  V,  if 

for  any  A   >  A  there  is  a  %.    such  that  it  2  «  implies  B  and  E  p. (A  n  Efe) 

are  equal  within  V. 
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3.   Definition.   We  say  p  is  A-integrable  over  a  set  A  in  £  if  there  is 
a  set  I(p,A)  in  X  such  that  for  any  V  e  A,  there  is  a  subdivision  Ay  so 
that  A  >   A  implies  J(p,A,A)  is  unconditionally  summable  to  I(p,A)  with 
respect  to  V.   The  closure  of  the  set  I(p,A)  is  called  the  A-integral  of 
p  over  A  and  is  denoted 


I(li,  A)    =  /  n(do-). 
A 


If  I(p,A)  consists  of  a  single  element,  then  p  is  said  to  be 
SA-integrable  over  A. 

The  A-integral,  when  it  exists,  shares  many  of  the  desirable 
properties  of  the  more  familiar  Bochner  integral. 

4.  Theorem.   If  p  is  A-integrable  over  A,  then  the  integral  is  unique. 

5.  Theorem.   If  p  and  ¥  are  A-integrable  over  A,  and  a  is  a  scalar, 
then  ap  and  p.  +  ¥  are  A-integrable  over  A  and 


/au(da)  =  a  /p(da),  Jp(da)  +  ¥(da)  =  [Ju(da)  +  jn(da)]      . 
AAA  A        A 


Although  u  may  not  even  be  additive,  the  next  theorem  shows  that 
the  A-integral  of  u  must  be  additive. 

6.   Theorem.   If  p  is  A-integrable  on  both  A  and  B,  where  A  n  B  =  0, 
then  p  is  A-integrable  on  A  u  B  and 


/   p.  (da)  =  [/p(da)  +  /p(do-)] 
AUB  A        B      cl 
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The  A-integral  also  has  the  unusual  property  that,  no  matter  what 
the  additlvlty  properties  of  p,  the  integral  is  always  countably 
additive.   This  stands  in  contrast  to  the  integrals  presented  by  Dunford 
and  Schwartz  [12]  and  by  Brooks  [5]  for  finitely  additive  set 
functions.   With  these  later  integrals,  we  expect  finite  additivity  when 
integrating  a  finitely  additive  set  function. 

7.   Theorem.   The  A-integral  is  a  countably  additive  set  function  in  the 

sense  that  if  p.  is  A-integrable  over  A,  for  k  =  0,1,2,...,  where 

An  =  u  A   and  the  A  's  are  pairwise  disjoint  for  k>  1,  then  the 

k=l 
sequence 


(/  H(da)) 
\     k=l 

is  unconditionally  summable  to  J  p(dcr). 

A„ 


Proof.   There  is  no  loss  in  generality  in  taking  A„  =  S.   Given  an 

arbitrary  but  fixed  V  e  A,  since  the  integral  exists  for  each  A  ,  there 

k  k 

exist  A   such  that  if  A  >  A   then  J(u,A  ,A)  is  unconditionally  summable 

c  -k-1 

to  Ju(da)  with  respect  to  2    V  for  k  =  0,1,2,.  .  .  .   Let  A  be  the 

k  °°  m  0 

sum  of  (A  )     over  the  subdivision  {A,  },  ..  and  set  A,.  =  AnA  .    On  the 
v  ,  ,                       k.  k=l  0    1  v 

k=l  k 

set  A,  ,  the  subdivision  A„  is  finer  that  A   for  any  k  >  0.   Therefore 
K.'  0  v 

J(u,A,  ,A_)  is  unconditionally  summable  to  Ju(da)  with  respect  to 

A 
Ak 

-k-1  r   i 

2    V.   If  A^  =  B.  ,  then  there  is  a  tx„  such  that  n  >  ti_  implies 
0    l  l  0  0 


u(B.)  and  /  ^i(dcr) 
Ao 
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are  equal  within  V/2. 
Define 


n   =  max  (n:A   n   u  b,  *   0} 
v       l   n    Ti0  i 


Then  for  an  arbitrary  fixed  n  >  n  ,  there  exists  a  it  such  that 

7i     2  it.,    i    eu   ,    On   imply  A0    n  B     =  0,    and 
n  0  n  xi 


^u(Ak  n    B±)  £  /  ^(da)  +  2  k  1V, 
iE7ln  \ 

Jn(da)£    ^(^   n  B^  +  2~k_1V, 

A.  ien 

k  n 


for  k  *   0,1,2,.    .    .    ,n. 

Since,  for  any  i  and  k,  Ak  n  B.  =  0  or  ^  n  B1  =  B1 ,  we  have 


k=l  ieit  it 


thus 


^(B  )  £  I       Jn(dcr)  +  V/2, 
Tt        k=l  Aj^ 


J   /  ^t(do)  E  Iu(B  )  +  V/2. 
k=l  A^  nn 


Now  since  %      >   %n   we  have 
n    0 


J   /  u(da)  £  /  tx(da)  +  V 
k=1  \       Ao 
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Ju(da)  £  )>(da)  +  V 


A 


0 


Ak 


where  n  >   n   is  arbitrary.   This  argument  is  independent  of  the  order  of 
the  A  's,  hence  the  result  follows  from  Theorem  2.3  in  reference  20.  0 

Borrowing  a  concept  from  Pettis  [19]  we  can  define  a  "weak"  SA- 
integral: 


* 

Definition.   Let  X  be  a  topological  vector  space  with  dual  X  .   Then 


we  say  \i   is  weakly  SA-integrable  over  A  in  £  if  there  is  an  element 

*    *    * 
W(p.,  A)  in  X  with  the  property  that  for  any  x   e  X  ,  x  u  is  SA- 
integrable  over  A  and 


x  W(u,A)  =  Jx  u(do). 
A 


III. 2.   Existence  of  the  SA-Integral 

The  definition  of  the  A-integral  involves  an  assumption  about  the 
existence  of  the  integral  in  the  space  X.   In  this  section  we  address 
the  question  of  when  the  integral  exists  and  we  give  existence  theorems 
for  the  SA-integral  of  a  set  function  p.  whose  range  lies  in  the  real  or 
complex  numbers.   Throughout  this  section,  as  in  the  previous  section, 
we  assume  S  is  a  set,  E  is  an  algebra  of  subsets  of  S,  and  \x   is  a  set 
function  defined  on  £. 

1.   Theorem.   Let  p.  be  a  bounded,  nonnegative,  finitely  additive  set 
function  defined  on  £.   Then  for  any  E  e  E,  \i    is  SA-integrable  over  E. 
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i     u 
Proof.   Let  A  ■  {A,  }  and  A   ■  {A  }  be  two  subdivisions  of  S 

'  k 

with  A   >  A  and  ^A     =  A     for  any  k.   Then  the  finite  additivity  of  \x 

implies  that  for  any  k, 


Eu(E  n  A^)  <  u(E  n  \)  < 


Thus  if  A   >  A, 


E    ^l(E  n  AV)  =  E  Eu(E  n  A  )  <  E   |i(E  n  A  ). 

,k   '  ki  A.  eA       k 

A  eA  k 


Now  define 


T  =  JE   p.(E  n  A.)|a  is  a  subdivision  of  s}  . 
A.  eA 

Since  u  is  nonnegative,  T  is  bounded  below  by  zero.   Set  I  =  inf  T. 
Then  for  any  e  >  0  there  is  a  subdivision  A  such  that 


I  <  E  a(E  n  A.)  <  I  +  e/2. 

A 


So  for  any  A  >  A  , 
E 


I  <  Z(i(E  n  A  )  <  I  +  e/2. 

A 


Since  \x   is  nonnegative,  the  sum 


En(E  n  a.) 
A 
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is  unconditionally  convergent  (see  [7]);  hence  there  exists  a  it.  such 


that  ti  >  ti  implies 


A  * 


Thus 


I  -  e  <  Eu(E  n  A  )  <  I  +  e, 


which  implies  that  p.  is  SA-integrable  over  E  to  I .  D 

2.   Theorem.   Let  \i   be  a  real-valued  finitely  additive  set  function  with 
finite  total  variation  defined  on  E.   Then  u  is  SA-integrable  over  any 
set  E  in  £. 


Proof.   Let  u   and  u_  be  the  positive  and  negative  parts  of  u ,  as  in 
reference  24,  Theorem  1.12.   Since  \i   has  finite  total  variation, 


0  <  u+(S)  <  »,  and 


0  <  n_(S)  <  ». 

Thus  both  u   and  u   satisfy  the  hypotheses  of  Theorem  1;  hence  for  any 
E  e  E,  |i   and  u_  are  SA-integrable  over  E  and  thus  u  +(-l)u_  is  SA- 
integrable  over  E.   But  \i    =  u  +  (-l)u_;  hence  u  is  SA-integrable  over 
E.   □ 
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3.   Theorem.   Let  u  be  a  complex-valued  finitely  additive  set  function 
with  finite  total  variation  defined  on  E.   Then  u  is  SA-integrable  over 
any  E  e  E,  and  if  u  =  \x     +   in„,  where  u  and  \x^   are  real-valued,  then 


/  u(da)  =  /  u  (da)  +  1/  u  (da).  □ 
E         E  E 


Proof.   Since  \x   has  finite  total  variation,  both  u.  and  +  2  are 
Sv-integrable  over  any  E  in  E  by  Theorem  2.   Thus  given  any  E  in  E, 
u  =  u  +   i\x      is  SA-integrable  over  E  by  Theorem  1.5.   So 


/  \x(da)   =  /  (u .  +  iu  )(da)  =  /  p.  (da)  +  i  /  n2(da) 
E         E   l  l  E  l  E 


The  next  theorem  shows  that  in  certain  cases  the  SA-integral  may  be 

represented  as  a  double  Moore-Smith  limit.   In  this  theorem  X  is  a 

**  ** 

normed  linear  space  with  second  dual  X   .   We  regard  X  £  X 

4.   Theorem.   Let  ^:E  -*■  X  be  finitely  additive  and  s-bounded.   If  \i 
is  SA-integrable  over  E  e  E,  then 


f  u(da)  =  lira,  lim  E  u(E  n  E  ) 

1    ^v  J  A    n  n 

E  n 


Note.   In  Theorem  4,  the  conclusion  gives  us 


J  ^t(da)  e   X, 
E 


even  though  it  may  happen  that  for  a  fixed  A, 
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A     **  v 
lim  Eu(E  n  E  )  e  X    \  X. 

it  ^v     n 


** 
Proof.   Considering  \x   as  having  range  in  the  Banach  space  X   ,  the  8- 

boundedness  of  |i  implies 


(1)  SE(A)  =  lim^  E^(E  n  E^) 

it 

exists  in  X**  whenever  A  =  (E  )  is  a  disjoint  sequence  of  sets  in  E  (see 

[9])- 

The  SA-integrability  of  \x   over  E  implies  there  is  an  I(^,E)  in  X 
such  that  for  any  e  >  0  there  is  a  A   so  that  A  >  A£  implies  there  is  a 
it  with  the  property 


I(u,E)  -  Eu(E  n  E  )|  <  e/2 


whenever  it  2  it,  . 
A 


Also,  for  the  same  A,  there  is  a  it   so  that  if  it  2  it  ,  we  have 


K(A)  -  S^(E  n  EA)|  <  e/2. 
'    K  n 

it 


Thus  for  any  e  >  0  there  is  a  A   so  that  A  >   A^  and  it  -  it^  U  n^ 
yields 


I(u,E)  -  SE(A)|  <  |sE(A)  -  ^(E  n  E*) 


+  |l(n,  E)  -  E(i(E  n  EA)|  <  e/2  +  e/2  =  e 


Hence 
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I(u,E)  -  limA  SE(A)  =  limA  lim^  Zu(E  n  E*) .  D 


It  is  doubtful  that  Theorem  4  can  be  generalized  to  hold  for  a 
general  SA-integrable  set  function  \x.      The  problem  lies  in  line  (1)  of 
the  proof;  Rickart's  definition  of  integrability  does  not  require  this 
limit  to  exist.   For  an  informative  discussion  of  these  ideas  see 
reference  15. 

III. 3.   Existence  of  the  A-Integral 

We  start  this  section  wth  an  existence  theorem  for  the  A-integral 
of  a  countably  additive  set  function  defined  on  a  a-algebra  of  sets. 
This  theorem  is  the  only  existence  theorem  for  the  A-integral  found  in 
Rickart's  paper. 

1.   Theorem.   Let  (S,£)  be  a  measurable  space,  X  a  locally  convex 
topological  vector  space,  A  a  balanced  convex  local  base  for  X,  and 
u:£:  ■*■   P(X)  a  countably  additive  set  function.   Then  u  is  A-integrable 
over  every  E  in  £  and 


|i(E)  =  /  H(do-) 

E 


In  the  remainder  of  this  section  we  expand  Rickart's  existence 
theorem  by  providing  existence  theorems  for  a  finitely  additive  set 
function  \x   over  an  algebra  £  of  subsets  of  some  arbitrary  set  S.   We 
first  consider  the  case  where  the  range  of  u  is  a  collection  of  bounded 
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closed  intervals  on  the  real  line. 

2.   Lemma.   Let  ^  be  a  bounded,  closed  interval-valued  set  function 
defined  for  E  in  E 

u(E)  =  [a(E),8(E)] 

Then 

(1)  u  is  finitely  additive  if  and  only  if   a  and  8  are 
finitely  additive; 

(2)  \i   is  countably  additive  if  and  only  if  a   and  B  are 
countably  additive. 

Proof.   First  we  prove  (2):   Let  (E  )"  .  be  a  sequence  of  pairwise 

disioint  sets  from  £  such  that  U°°  ,  E   =  E  e  E.   If  u  is  countable 
J  n=i   n 

additive,  then 


[a(E),6(E)]  =  u(E)  =  E  n(E  )  =  E   [a(BQ),  P(En)] 
n=l        n=l 


This  implies  that  for  any  e  >  0   there  is  an  N  such  that  if  k  >  N  then 


k 
H([a(E),8(E)],  E   [a(En>,  B(En)])  <  E. 
n=l 


So  Theorem  II.  1.3  implies  that  for  any  k  >  N, 


k        k 
H([a(E),B(E)],  [E   o(En),S   8(En)])  <  e. 
n=l      n=l 
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Thus  we  find 


[o(E),P(E)]  =  [E   a(En),Z   P(En)] 
n=l      n=l 
which  implies 


a(E)  =  E   a(E  )  and  p(E)  =  E   P(En> 
n=l    n  n=l 


Hence  a  and  p  are  countably  additive. 

Conversely,  let  a  and  p  be  countably  additive.   Then 


H(E)  =  [a(E),P(E)]  =  [E   a(En),E   a(En>] , 
n=l      n=l 


so  Theorem  II. 4. 7  implies 


U(E)  =  E   [o(E  ),P(E  )]  =  E   ji(En) 

n=l  "    n=l 


Hence  u  is  countable  additive. 

By  taking  E  =  0  for  all  k  greater  than  some  fixed  N,  the  above 
proof  implies  (1).  D 

3.   Definition  ref.  5  (p.  313).   The  total  variation  of  a  set-valued 
set  function  u  over  a  set  E  in  E  is  given  by 

v(u,E)  =  sup  I   H(u(En),{0}), 
where  the  supreraum  is  taken  over  all  finite  partitions  {E  }  of  E. 
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4.   Theorem.   Let  |i  be  a  closed  Interval-valued  finitely  additive  set 
function  defined  on  E  with  v(^,S)  =  M  <  «.   Then  \x    is  A-integrable  over 
every  E  e  E. 

If  u(E)  =  [<x(E),P(E)]  for  any  E  in  E,  then 


/  u(da)  =  [l(o,E),I(P,E)] 
E 


Proof.   Define  for  each  E  in  E 

a(E)  =  min  {x  e  R:x  e  U-(E)}   and 
P(E)  =  max  {x  e  R:x  e  U-(E)}. 

Then  for  each  E  in  E,  u-(E)  =  [oc(E),p(E)]  and  Lemma  2  shows  that  a   and  p 
are  finitely  additive.   Since  v(^,S)  =  M,  we  find  that  H(u.(E),{0})  <  M 
for  any  E  e  E,  and  so  for  any  E  e  E, 

a(E)  e  [-M.M]  and  p(E)  e  [-M,M] . 

So  Theorem  III. 1.5  of  ref.  12  implies  a  and  p  are  of  finite  total 
variation.   Hence  by  Theorem  2.2,  a  and  p  are  SA-integrable  over  any 
E  e  E. 

Now  let  E  e  E  be  arbitrary,  then  for  any  e  >  0  there  is  a  partition 
A   such  that  for  any  A  >  A   there  is  a  it.  such  that  it  2  it  implies 


(1)  |Ea(E  n  E.)  -  I(a,E)|  <  e, 
and 

(2)  |Ep(E  n  E  )  -  I(P,E)|  <  e, 

it 
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where  {E  }  =  A.   Also,  we  have  from  Theorem  II.  1.3 


Eu(E  n  Ei)  =  [Zo(E  n  E1),  Ep(E  n  E±)]f 


so  (1)  and  (2)  Imply 


£u(E  n  Ei)  £  [l(o,E),I(p,E)]  +  (-e,e),  and 
n 

(3)  [l(a,E),I(P,E)]  £  Eu(E  n  E±)   +   (-e,e), 


Whence  |i  is  A-integrable  over  E,  and 


/  |i(da)  =  [l(o,E),I(p,E)].  □ 
E 


Next  we  consider  the  case  where  the  range  of  p.  is  a  collection  of 
finite  dimensional  "rectangles." 

5.  Definition.  Let  u  be  a  set-valued  set  function  defined  on  £  with 
values  in  Rn  for  some  fixed  n.  We  say  u-  is  rectangle-valued  if  given 
A  e  Z, 


u(A)  =  (I  (A),I  (A),...,I  (A)), 

1      I  n 


where  I . (A)  is  a  bounded  closed  interval  in  R  for  i  =  l,...,n. 


6.   Lemma.   Let  A, ,B, ,A„ ,B„ , . . . ,A  ,B   be  bounded  subsets  of  the  real 
1   1   2   2      n  n 

line.   Then  considering  (A  ,  A  , . . . ,A  )  and  (B  ,  B  ,...,  B  )  as  subsets 
of  Rn, 
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H((A1>A2,...,An),(B1,B2,...,Bn))  <  I      H^.Bj) 


1=1 


Proof.   Let  e  >  0.   For  convenience  of  notation  let  a  =  IKA^.B^)  +  e/n 


and  let  a  =  £   a  .   Given  an  arbitrary 
i=l 


(x-,x2,...,x  )  in  (A1,A2,...,An),  then  for  each  i  =  L,2,...,n  choose 

.  2    2 

y  e  B  so  that  |x  —  y  |  <  a  .   This  implies  (x1  -  y±)     <  a±   for 

i  =  1,2, . . . ,n,  and  so 


n  2   n   2    2 

£  (x.  -  y.y  <   2  a.   <  a 
1=1  1=1 


Thus  for  each  (x.,x2> . . . ,Xn)  E  (A^A^  . .  .  ,An)  there  is  a 
(y1,y2,---,yn)  e  (B1,B2,...,Bn)  with  the  property 

|(x1,x2,...,xn)  -  (y1,y2,...,yn)|  <  a. 


Hence  (A   .  .  .  ,A  )  -  (B  ,...,B  )  +  Sa(0).   Similarly  we  find 


(B-.-.-.B  )    (A.,...,A  )  +  sa(°)-   Lemma  II. 3. 4  now  implies 


H((A1,...,An),(B1,...,Bn))  <  a   =  £   H(A1,BjL)  +  e 


Since  e  was  chosen  arbitrarily,  the  result  now  follows. 


7.   Theorem.   Let  \l :  E  •»  P(R  )  be  a  finitely  additive  rectangle-valued 
set  function  with  v(p.,S)  <  <*>.   If  p.  is  defined  on  A  e  Z   by 


u(A)  =  (n1(A),u2(A),...,nn(A)), 
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then  \i     is  finitely  additive  for  i  -  1,2,..., n.   Furthermore,  p.  is 
A-integrable  over  any  A  e  E  and 


/  n(da)  =  (/  |i.(dcj),  J  |i  (da),...,  /  u  (do-)) 

A        A  A  A 


Proof.   Let  A,  B  e  Z   such  that  A  n  B  =  0.   Then 


Oi  (A  u  B),...,  Un(A  u  B))  =  u(A  u  B) 


=  u(A)  +  u(B)  =  (ii1(A),...,jin(A))  +  (n1(B),...,lin(B)) 
=  (Rl(A)  +u1(B),...,Hn(A)  +^n(B)). 

So  for  i  =  l,...,n,  \i    (A  U  B)  =  ^(A)  +  n±(B). 

Let  IE  E  1  be  a  finite  disjoint  sequence  of  sets  from  Z. 

L  1      kJ 

Then,  for  j  =  1, . . . ,n, 


v(n,S)  >  Z      llu(E.)ll  >    Z      »U.(E  )ll. 
1=1     1     1=1   J 


Thus  v(n,S)  >    v(u.,S),  so  p..  has  finite  total  variation  for 

j  =  l,...,n.   Theorem  4  now  implies  \l      is  A-integrable  over  any  E  e  Z. 

Let  A  E  Z   and  e  >  0.   Then  for  any  j,  there  is  a 
subdivision  A.  such  that  A  >   A.  implies  there  is  a  n^  such  that 


H(E  u-.(E.  n  A),  /  u-  .(do))  <  e/n, 
ieu  J  X       A  J 

whenever   tc  =>   u    .      Let   A      be   a   product   of    A.  , .  .  .  ,A      (see   Definition   1.1) 
A  e  In 
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then  A  >  A  implies  there  is  a  71.  ,  for  each  1,  such  that 


H( 


Z     u  (E  n  A),  /  U  (da))  <  e/n, 
ie-n  J         A  J 


whenever  it  2  u.  .   Thus  A  >  A   implies  there  is  a  n,  =  u   .  Tt.   such 
A.  e   p  A    j=l  A 


that  %  2.   it.  implies 


H(Z 


I  u  (E  n  A),  /  ii. (da))  <  e/n, 
ien:  J  A  J 


for  every  j  =  l,...,n,  and  so  Lemma  6  implies 


H(E  u(E1  n  A),  (/  u^da),...,  /  un(da)) 
it  A  A 


=  H((Eu1(E±  n  A),...,Eun(Ei  n  A)), (J  u^da),...,/  ^n(da)) 

Tt  Tt  A  A 

n 
<  £  H(E  u  (E  n  A), J  \i   (da))  <  e.  □ 
j=l   iETt  J         A  J 


IV.   RELATIONSHIPS  BETWEEN  THE  A-INTEGRAL 
AND  OTHER  INTEGRALS 


In  the  last  chapter  we  defined  the  A-integral  and  considered  some 
of  the  properties  that  follow  from  this  definition.   In  particular,  we 
noted  that  the  A-integral  of  a  set  function  (when  the  integral  exists) 
is  always  countably  additive.   This  countable  additivity  is  unusual;  it 
is  independent  of  the  additivity  properties  of  the  integrand.   But  the 
A-integral  differs  from  the  more  familiar  Bochner  and  Pettis  integrals 
in  other  ways  as  well;  the  A-integral  has  an  integrand  consisting  of 
only  one  part,  the  function  to  be  integrated,  whereas  the  integrands  of 
Bochner  and  Pettis  contain  two  parts,  a  function  and  a  measure.   So,  the 
question  arises,  how  are  these  integrals  related? 

In  section  1  we  discuss  the  relationship  between  the  Dunford 
integral  (which  is  a  generalization  of  the  Bochner  integral)  and  the  A- 
integral,  and  in  section  2  we  consider  Artstein's  generalization  of  the 
Aumann  integral. 

IV. 1.   The  Dunford  Integral 

In  this  section  we  assume  that  (S,£,u-)  is  a  measure  space,  X  is  a 
Banach  space,  and  f  is  an  X-valued  function  defined  on  S. 

1.   Definition.   We  define  f(A),  for  any  A  -  S,  to  be  the  set  of  all 
f(x)  where  x  e   A;  in  symbols 
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f(A)  =  {f(x):x  e  a} . 

First  we  consider  the  case  of  f  a  simple  u-integrable  functior 

2.   Lemma.   Let  g  be  a  simple  p.-integrable  function  on  S,  with  \i   a 
complex-valued  measure.   Define  G  on  \   by 

G(E)  =  g(E)ti(E). 

Then  G  is  SA-integrable  over  any  E  e  £. 


Proof.   Since  g  is  simple  we  may  write 


;(s)  =  £   a  1   (s)  for  a.e.  s  e  S. 
n=l    n 


Then  G  will  be  given  by 


G(E)  =  I      anlA  (E)u(E) 
n=l     n 


for  any  E  e  /,. 

Now  let  E  e  £  and  let  A  =  {B  }  be  any  subdivision  of  S  such  that 

{A1,...,Am,(uAn)C}  <  A. 

Let  e  >  0  be  given.   The  countable  additivity  of  \x   implies  there  is  a 
Ti   such  that  for  any  it  2it  , 


57 


\l     <xn     I     n(E   n  Bk   n  An)   -  I     <yi(E  n  Afl)  |    <  c 
n=l  ken  n=l 


Also,    for   any   it   2  n   , 


XG(E   n   Bk)    =   I        ^     crnlA   (E   n   Bk)^(E   n   By) 
n  keix  n=l  n 


=    I      I      V(E    n   \    n   An) 
n=l   ken 


Thus    for   any   n   -  %     we   have 


|VG(E   n   B,  )    -   T      a  H(E   n  A   )      <   e. 
•L    v  k  L   ,    n  n    I 

ii  n=l 


Hence   G    is    SA-integrable    on  E   and 


(1)      /   G(da)    =  I     cyi(E   n  A   ).      D 
E  n=l 


To  utilize  the  ubiquitous  process  of  taking  limits  of  simple 
functions  in  the  case  of  the  A-integral,  we  need  the  following  notion  of 
convergence : 

3.   Definition   ref.  20  (p.  508).   Let  (S,£,n)  be  a  positive  measure 

space  and  let  (F  )  be  a  sequence  of  set-valued  set  functions  defined  on 

E.   Then  the  sequence  (F  )  is  said  to  converge  approximately  to  F 

n 

relative  to  \i   if  for  every  integer  n  and  every  e   >  0,  there  is  an  A 

e 

and  a  subdivision  A   such  that  for  each  e, 
n 

E 


lim  a(A   )  =  0, 

n 
n-x»     £ 
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00 

and  for  A  =  {e.  }  >   A   we  have  that  the  sequences  (Fn(A  n  Ejc))ic=l   3nd 

e 
(F(A  n  E,  )),"  are  summably  equal  within  £  for  every  A  £  S  \  An  • 
k   k-1  e 

4.   Lemma.   Let  u  be  a  complex  measure  defined  on  E  with 

v(n,S)  =  M  <  °°,  and  let  (f  )  be  a  sequence  of  X-valued  u-measurable 

simple  functions  on  S  converging  to  the  function  f  u-almost 

* 
everywhere.   For  any  n  and  any  A  e  Z  ,  the  Lebesque  extension 

of  Z,  define 


F  (A)  =  f  (A)u(A)  and  F(A)  =  f(A)u(A) 
n       n 


Then  the  sequence  of  set  functions  (F  )  converges  approximately  to  F 
relative  to  v(p.). 

Proof.   Given  n  and  e  >  0,  define 

a(n,e)  =  {s  £  S:  If  (s)  -  f(s)|  >  e/m}  . 

By  Lemma  III. 6. 9  in  ref.  12  (p.  147),  we  find  a(n,e)  £  Z  . 

For  a  given  n,  f   differs  by  a  null  function  from  a  function  of  the 
°  n 

form 


1-1      A 
for  appropriate  choices  of  ex.  and  A..   So,  for  each  n,  define 


J  =  A .  \  a(n, £) 
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for  I  -   l,2,...,kn,   and  set 

An     -   {bJ,B°2,...,b£    ,o(n,E)}. 

e  n 

Then  for  any  A  =    {a   }   >   Ar    ,E  e   Z      \    {a(n,e)},    it,    and   y  En   <jy   we 


have 


IT   f   (E   n  a.)u(E   n  <j   )   -  £f(a    )a(E  n   a   ) 


J£Tt 


<    I|f    (E   n  a.)    -   f(o.)|  ||i(E   n  a   ) 

JETt    n  J 


<  |  J|m-CE   n  ffj)|    <    e. 


Thus 


H(£  Fn(E   n  o.)Jf(E   n  a  ))   <    e; 
jeix  it 

that    is,    the   sequences    (F    (E    n  a.)),    and    (F(E    n   a    ))      are    summably    equal 

within   e   for   any   E   e   E      \    {o(n,e)}. 

Since    (f    )    converges    in  u-almost    everywhere    to   f   we    find,    by   a 
n 

corollary    to  Egoroff's    theorem    (Corollary    III. 6. 13   in   ref.    12    (p.    150)), 

lim  v(u,a(n,e))    =    0.      □ 
n->co 

Now  we  are  in  a  position  to  give  sufficient  conditions  under  which 
the  Dunford  integrability  of  a  function  f  implies  the  A-integrability  of 
the  corresponding  set  function  f  p, . 


60 


5.   Theorem.   Let  |i  be  a  finite  positive  measure  defined  on  E  and  let 
f:S  •>  X  be  u-integrable  over  any  A  e  E.   For  any  A  e  E  define 


F(A)  =  f(A)p.(A) 


Then  F  is  SA-integrable  over  any  E  e  E,  and 


/F(da)  =  Jf  dp.. 
E        E 


Proof.   Since  f  is  u-integrable  on  S,  there  is  a  sequence  of  \i- 
measurable  simple  functions  (f  )  converging  u-almost  everywhere  to  f 
such  that 


(1)   lim  Jf  du  =  Jf  du, 
n-x=  E        E 


for  any  E  £  E.   Let  F  (A)  =  f  (A)u(A)  for  any  n  and  any  A  e  E.   Then  by 
Lemma  2 , 


(2)   JF  (da)  =  Jf  du, 
E  E 


for  any  E  e  E.   Hence  for  any  E  e  E,  (1)  and  (2)  imply 


(3)   lim  JF   (do)  =  Jf  du . 
n-*-°°  E  E 


Since  the  u-integral  of  fn  is  absolutely  continuous  with  respect 
to  v(u),  (2)  implies  the  SA-integral  of  Fn  is  absolutely  continuous  with 
respect  to  v(u). 
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For  any  n,  suppose 


f  (s)  -  Z      o"  1   (s),    for  a.e.  s  z   S. 
i=l  *  k\ 


Then  define  A  to  be  the  partition 


k     ( 
r  .n  .n      n   ,  n  n. 

n   i=l 


(here  we  assume,  without  loss  of  generality,  that  the  A^s  are 
disjoint).   Then  for  any  e  >  0  and  any  A  =  {a   }  >  L^    there  is  a  tx^  such 


that  rt  —  %        implies 
e 


£ 


(4)   0  <  u(A  )  -  E  u(Ai  n  o  )  <  ^j-, 
jefi        J     n  n 


for  all  i  =  l,...,k  ,  where 


M  =  max  la.:  i  =  1,  .  ..,k 
n        L I  l '  r 


Hence  for  any  E  in  E,  (4)  implies 


e 


0  <  u(A.  n  E)  -  E  u(A1  no.  n  E)  <  yTfi-- 
1        je-rt        J         n  n 


So,  given  e  >  0  and  A  =  {a.}    >   A^ ,  there  is  a  u^  such  that  %  2   %^ 
implies  that  for  any  E  in  E, 


|E  F  (E  n  a.)  -  /f  (da) | 
Jen  n      J    E  n 
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k 

n 


I       I     <x>(E    n  a.  n  A?)  -  I     «ft(E  n  A?) 
jen  i-1  *  J  i-1 


<   I      Kl    |I     ^E   n  Ai    n  V   ~^(E  n  Ai} 
1-1      "  J£11 


<  X   A<kV> 

i=l  n  n 


Hence  F   is  uniformly  SA-integrable.   By  Lemma  4,  (F  )  converges 
n  "  n 

approximately  to  F.   So  by  Theorem  9.5  in  reference  20,  F  is  SA- 
integrable  over  any  E  in  E,  and 


11m  /F  (da)  =  /F  (da). 
n-*»  E  n       E 


Now  (3)  implies 


/f  (da)  =  /f  d(i.   □ 
E         E 


6.  Corollary.  Let  (i  be  a  complex-valued  measure  defined  on  E,  and  let 
f:S  ■*•  X  be  a  function  which  is  (i-integrable  over  any  E  in  L  For  any  E 
in  E  define 

F(E)  =  f(E)u.(E). 
Then  F  is  SA-integrable  over  any  E  in  E  and 


Jf  (da)  =  Jf  djx. 
E        E 
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Proof.   Write  \i.   -  \x,     -   n_  +  i(n3  -  u^)  where  ^  >  0  for  i  -  1,...,4.   By 
Corollary  III. 4. 5  in  reference  12,  p.  is  bounded  and  so  u^  is  finite  for 
i  =  1.....4.   Since  0  <  \i      <  v(u),  we  see  that  f  is  u^.-integrable  over 
any  E  e  E  for  i  =  1,...,4.   For  each  i  and  each  A  in  E,  define 


F±(A)  =  f(A)a1(A) 


With  this  definition,  Theorem  5  yields 


/F  (da)  =  /f  du 
E         E 


for  any  E  in  E  and  any  i  =  1,...,4.   Now  and  Theorem  III. 1.5  imply  F 
is  SA-integrable  over  any  E  e  E  and 

/F  (da)  =  /F.  (da)  -  /F  (da)  +  i(/F  (da)  -  /f  (da)) 
E         E  l  E  E  J        E  H 

=   jf   dux  -  /f  d^2  +  i(/f  d^3  -  /f  du4) 


=  /f  du.   □ 
E 


IV. 2.   The  Aumann  Integral 


Recently  several  authors  (e.g.  [1,2,10,11,19,22])  have  considered 
the  problem  of  integrating  a  set-valued  function  with  respect  to  a 
single-valued  measure.   The  integration  technique  first  defined  by  R.J. 
Aumann  [2]  appears  to  be  the  most  popular  method  for  such  functions, 
probably  due  to  the  simplicity  of  definition.   The  definition  we  give 
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here  is  a  slight  generalization  of  Aumann's  definition,  due  to 

Artstein.   In  this  section  we  assume  (S,£,u)  is  a  nonnegative  measure 

n. 
space  and  F  is  a  function  defined  S  with  values  in  P(R  ;. 

1.   Definition  ref .  1  (p.  116).   Suppose  the  set  fs  e  S:F(s)  =  0}  is  u- 
null.   Let  F  be  the  collection  of  all  functions  f  that  are  u-integrable 
over  S  (in  the  sense  of  Lebesgue)  such  that  f(s)  e  F(s)  u-almost 
everywhere.   Then  the  Aumann  integral  of  F  over  E  e  E  is  defined  by 


Jf  du  =  {/f  du  :  f  e  F 
E        E 


To  show  a  connection  between  Aumann's  integral  and  the  A  -integral, 
we  need  the  following  definition. 

2.   Definition.   Let  A  and  B  be  sets  and  let  F:A  ■»■  P(B)  be  a  set-valued 
function.   Then  for  any  E  -  A  define 


F(E)  =  u  F(e) 
eeE 


With  this  definition  we  can  show  that  when  the  A-integral 
of  F|i  exists,  it  contains  the  Aumann  integral  of  F  with  respect  to  \i. 

3.   Theorem.   Let  F  have  the  property  F(s)  *   0  for  any  s  e  S.   If  we 
define  G  on  £  by 

G(A)  =  F(A)^(A) 
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and   if  G  is   A-integrable   over   E  e   Z,    then 


/F  d[i  £   /G(dcr). 
E  E 


Proof.   If  the  A-integral  of  G  exists  over  E  e  E,  then  by  definition, 

!  I 

for  every  e  >  0  there  is  a  A  e  such  that  A  >   A  e  implies  there  is  a  %^ 

so  that  if  it  2  n,  then 
A 

(1)  £G(E  n  E*)  £  /G(da)  +  S£(0)  or 

E        ^ 

(2)  Tf(E  n  A  (i  (E  n  e<)  £  /G(do)  +  S  (0). 

Tt  2 

Let  f  be  function  which  Is  integrable  (in  the  sense  of  Lebesgue) 
over  S  and  f(s)  e  F(s).   Then  Theorem  1.5  implies  that  f  is  SA- 
Integrable  over  E.   By  the  definition  of  SA-integrability  there  is  a 

A 


A   such  that  A  >  A    implies  there  is  a  TtA  with  the  property 


(3)      Jf(da)n(d<j)   e   £f(E    n  E±)H(E  n    E±)   +   S£(0) 
E  %  2 


for   every   it   2it., 


i       i  t 

Let   A      =  A      A      ,    then   (2)    and    (3)    yield 


/f  d\i   =  Jf(dcr)n(do-) 

E  E 


e   Zf(E    n  EA)n(E    n  eJ)   +   S£(0) 


£   EF(E    n  E^)ii(E    n  E^)    +   S£(0) 
Tt  t 
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£  jG(da)  +  S  (0) 
E 


for  sufficiently  large  %.      So,  we  find 


(4)  /f  dp.  e  [JG  (da)J  =  Jg  (da) 
E        E  E 


Since  (4)  holds  for  every  Lebesgue  integrable  selection  of  F,  the 
definition  of  the  Aumann  integral  yields 


/F  dp  £  JG  (da). 
E       E 


V.   APPLICATION  OF  THE  A-INTEGRAL  TO  DECOMPOSITION  THEOREMS 

In  this  chapter  we  demonstrate,  for  a  finitely  additive  set 
function  \x,    a  relationship  between  the  A-integral  of  u  and  the  Yosida- 
Hewitt  decomposition  of  \x.      This  relationship  allows  us  to  extend  this 
decomposition  to  the  case  of  finitely  additive  set-valued  set  functions. 

In  1952,  Kosaku  Yosida  and  Edwin  Hewitt  [24]  proved  that  a  bounded 
real-valued  finitely  additive  set  function  defined  on  an  algebra  can  be 
written  as  the  sum  of  a  countably  additive  set  function  and  a  set 
function  which  is  "purely"  finitely  additive.   Their  proof  relies 
heavily  on  the  lattice  properties  of  the  space  of  bounded  finitely 
additive  real-valued  set  functions  defined  on  an  algebra  E. 

In  1969,  James  K.  Brooks  [6]  gave  a  concise,  elegant  proof  which 
extended  the  Yosida-Hewitt  decomposition  to  finitely  additive  set 
functions  of  bounded  semivariation  whose  values  lie  in  a  Banach  space 
X.   Under  these  general  conditions  Brooks  considers  decomposing  his  set 
functions  in  X**,  the  second  dual  of  X.   When  X  is  reflexive,  he  shows 
that  the  set  function  \x   (with  the  conditions  stated  above)  can  be 
decomposed  into  a  countably  additive  function  with  values  in  X  and  a  set 
function  ¥  such  that  x  ¥  is  purely  finitely  additive  for  each  x   in  X  , 
the  dual  of  X. 

J.J.  Uhl,  Jr.  in  1970,  decomposed  a  finitely  additive  Banach  valued 
set  function  into  a  countably  additive  part  and  a  weakly  purely  finitely 
additive  part  (as  above)  both  of  which  have  values  in  X.   He  requires 
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the  set  function  to  be  absolutely  continuous  with  respect  to  some 
nonnegative  finitely  additive  set  function.   While  Uhl's  work  is  not  as 
general  of  Brooks',  he  does  provide  an  interesting  proof  by  projecting 
the  problem  into  the  Stone  space  E  of  the  algebra  E. 

We  provide,  in  this  chapter,  an  entirely  new  approach  to  this 
problem.   We  show  that  the  Yosida-Hewitt  decomposition  can  be  attained 
in  a  constructive  manner  via  the  A-integral.   In  section  1  we  treat  the 
case  of  scalar-valued  set  functions,  in  section  2  vector-valued  set 
functions,  and  in  section  3  set-valued  set  functions. 

V.l.   Scalar-valued  set  functions 


Throughout  this  section  we  assume  S  is  a  set  and  E  is  an  algebra  of 
subsets  of  S.   Unless  stated  otherwise  we  assume  u  is  a  finitely 
additive  real-valued  set  function  defined  on  E. 

1.  Definition   ref.  24  (p. 48).   For  set  functions  u.  and  ¥   on  E,  we  say 
\l  >   ¥  if  and  only  if  U-(A)  >   Y(A)  for  every  A  in  E .   Let  H  >  0,  then  we 
say  \i   is  purely  finitely  additive  if  for  any  countably  additive  set 
function  f   on  E  such  that  0  <  ¥  <  |i,  we  have  ¥  =  0.   When  \i   is 
real-valued,  we  say  \x   is  purely  finitely  additive  if  both  u-  and  |A_  are 
purely  finitely  additive. 

2.  Example  ^      Let  S  =  (0,1]  and  let  I  be  the  algebra  consisting  of 
all  finite  unions  of  the  form 

(1)   We  are  indebted  to  H.  Gryzbowski  -  for  suggesting  this  example. 
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u   (a  ,b  ]  where  a  ,b   e  [0,1] 
,   n'  nJ        n  n 

n=l 


Define  the  set  function  u  on  E  as  follows: 

1    if  [j,  j  +   e)  £  A  for  some  e  >  0 
H(A)  = 

0    otherwise. 

Let  A  and  B  be  disjoint  sets  from  E.   If  [~,   y  +  e)   A  for  some  e  >  °> 
then 


u(A  u  B)  =  1  =  |i(A)  +  M-(B). 


If  neither  A  nor  B  contains  a  set  of  the  form  (— ,  -r-  +  e)  then 


u(A  u  B)  =  0  =  li(A)  +  u(B) 


Hence  |i  is  finitely  additive. 

Now  let  f  be  an  arbitrary  countably  additive  set  function  on  E  such 

that  0  <  ¥  u.   Restricted  to  the  interval  (0,  j]  ,  we  find  ¥  =  0.   For 

each  interval  of  the  form  I   =  (■=-  +  — —-r,   ■=■  +  — 1 ,  where  n  >  2,  we  have 

n    v  2    n+I   z    n 


u(I  )  =  0;  hence  Y(I  )  =  0. 


Furthermore 


*(<£.  i])  =  C2^v  ■  °- 


Therefore  ¥  is  identically  zero  on  E,  which  implies  that  u  is  purely 
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finitely  additive. 

The  next  theorem  shows  that  the  A-integral  is  in  fact  the  countably 
additive  part  of  the  Yosida-Hewitt  decomposition. 

3.   Theorem.   Let  p.  be  a  nonnegative,  finitely  additive  bounded  set 
function  on  E.   Then  for  any  A  in  E  we  can  write 


H(A)  =  /  H(da)  +  x(A) 
A 


where  the  set  function 


/  H(d<J) 
(•) 


is  countably  additive  and  x  is  purely  finitely  additive. 

Proof.   The  A-integral  of  p.  exists  over  each  A  in  E  by  Theorem  II. 2.1, 
and  the  countable  additivity  of  this  integral  is  given  by  Theorem 
II. 1.7. 

Suppose  X  is  a  nonnegative  countably  additive  set  function  on  E 
such  that  X  <  p..   Then  for  any  A  in  E ,  any  subdivision  A  =  {E,}  ,  and  any 
n,  we  have 


(1)   I  MA  n  y  <  I  u(A  n  ER)  <  u(A) 


By  definition  of  the  SA-integral,  given  e   >  0,  there  is  a 

subdivision  A   so  that  for  any  A  =  {E,  }  >  A  ,  there  is  u.  such  that 
£  J  k     e  A 
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(2)  \l   |i(A  n  Ek)  -  I(u,A)|  <  e, 


whenever  it  2  it,  . 
A 

For  the  same  A,  there  is  a  7t'  such  that  7t  2  ti'  implies 

A  A 


(3)   X(A)  -  e  <  I   X(A  n  Efc) 


Thus  for  any  Tt  2  n»  u  ti'   (1),  (2),  and  (3)  together  imply 


X(A)  -  E  <  I  X(A  n  E  ) 


<  h(A  n  Ek) 

71 


<  I(u-.A)  +  e  <  |i(A)  +  2e. 
Since  e  was  chosen  arbitrarily,  we  find 
(A)   X(A)  <  I(n,A)  <  u(A) 

for  any  A  in  E . 

Define  x  on  E  by  the  equation 

x(A)  =  u(A)  -  H\i,A). 

Suppose  ?  is  a  countably  additive  set  function  defined  on  E  with 
0  <  ?  <  x.   Then  0  <  ¥  <  (i  -  I(u),  which  implies  f  +  I(u)  <  [i. 
Since  ¥  >  0,  we  have 
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1(H)  <  *  +  1(h)  <  \x. 

However,  ¥   4-  I( p.) ,  being  the  sum  of  two  countably  additive  set 
functions,  is  countably  additive,  so  (4)  implies 

1(H)  =  ¥  +  I(u), 

which  in  turn  implies  W  =   0.      Therefore  x  is  purely  finitely  additive.   D 

As  an  illustration  of  the  above  theorem  let  us  compute  the  SA- 
integral  of  the  set  function  defined  in  Example  2. 


4.   Example.   Let  A  £  (0,1]  such  that  (■=-,  ■=•  +  e]  c  A  for  some  e  >  0. 


2'    2 


Consider  the  decomposition 


"(CO,  ll.ci  +  ^Lj.  !  +  !],.»  2] 


If  A  >   A  ,  then  J(h,A,A)  is  the  sequence  consisting  of  all  zeroes. 
Hence  J(h,A,A)  is  unconditionally  summable  to  zero.   The  same  happens  if 
A  does  not  contain  an  interval  of  the  form  (— ,  —  +   c) ,  thus  H  is  SA 
integrable  over  any  A  in  E  and 


Jn(do-)  =  o. 

A 


So,  in  this  case  at  least,  the  conclusion  of  our  theorem  is  valid;  for 
any  A  in  Z , 
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u.(A)  =  /u(da)  +   u(A). 
A 


The  next  theorem  shows  that  we  can  relax  the  restriction  of 
nonnegativity. 

5.   Theorem.   Let  u  be  a  real-valued  with  v(u,S)  <  ro.   Then  for  any  A  in 
E  we  can  write 


u(A)  =  Ju(do)  +  x(A), 
A 


where  j\x{da)    is  countably  additive  and  x  is  purely  finitely  additive.  U 

Proof.   The  existence  of  the  integeral  is  guaranteed  by  Theorem  II. 2. 2, 
and  its  countably  additivity  follows,  as  above,  from  Theorem  II.  1.7. 

Define  for  any  E  in  E,  x(E)  =  u(E)  -  I(u,E).  Let  \i  =  \i  -  [X  be 
the  Jordan  decomposition  of  u,  as  in  Theorem  1.12  of  ref.  24.  Then  by 
Theorem  II.  1.5, 


Ju(da)  =  /u  (da)  -  /n_(da). 
E        E         E 


Hence 


(1)   x(E)  =  (ME)  -  |ii(da)  -  /Mda)' 
E  E 


for  any  E  in  E .   From  (4)  in  the  proof  of  Theorem  5,  we  find  that 


ME)  -  /  (i  (da)  and  |i_(E)  -  j\ijda) 
E  E 
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are  nonnegative  for  any  E  in  E  and,  again  by  theorem  5,  the  set 
functions  \i     -   /u  (da)  and  u_  -   /u_(do)  are  purely  finitely  additive. 
Now  (1),  and  Theorem  1.17  of  ref.  24,  imply  that  x  is  purely  finitely 
additive. 

The  following  theorem,  a  generalization  of  Theorem  1.18  in  ref.  24, 
shows  that  given  a  purely  finitely  additive  set  function  and  a  countably 
additive  set  function,  their  masses  are  distributed  on  different  parts 
of  the  underlying  space. 

6.   Theorem.   Let  (S,E)  be  a  measurable  space  and  let  |i  be  a  finitely 
additive,  real-valued  set  function  on  Z   with  v(u,S)  <  ro.   Then  \l   is 
purely  finitely  additive  if  and  only  if  for  any  countably  additive  real- 
valued  set  function  ¥  with  v(¥,S)  <  m,  any  A  in  Z ,    and  any  e  >  0,  6  >  0, 
there  is  a  T  e  Z   with  T  £  A,  v(u,T)  <  e  and  ¥(A   T* )  e  (-6,6). 


f.   By  Theorem  1.12  in  ref.  24,  u   n  n_  =  0,  so  Theorem  1.21  in  [24] 


Proo 

implies  that  given  e,  6  >  0,  there  is  a  set  E  £  Z   and  a  set  B  e  E  such 

that  [i+(E)    <   |,  ,  u_(E')  <  f>   VB>  =  °>  and  Y_(B')  ■  °-   So  8iven  any 
F  in  E,  we  have 


+ 
(0) 


ME  n  F)  <  f ,  vlJE'   n  F)  <  |, 


¥  (B  n  F)  =  0,  and  ¥_(B'  n  F)  =  0. 
Now  we  apply  Tlieorem  1.18  of  ref.  24  four  times:   given 


(1)   there  is  a  Tj  £  E1  n  B  n  A  such  that  |i  (T.)  <  g  and 
7_(T'  n  E1  n  B  n  A)  <  j; 
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(2)   there  is  a  T2  c  E'  n  B'  n  A  such  that 

u+(T2)  <  -|  and  Y+(T2  n  E'  n  B'  n  A)  <  p 


(3)   there  is  a  T3  £•  E  n  B  n  A  such  that 

e  6 

u_(T3)  <  -  and  ¥_(T^  n  E  n  B  n  A)  <  j 


(4)   there  is  a  T^  n  E  n  B'  n  A  such  that 

u_(T4)  <  J  and  Y+(T^  n  E  n  B'  n  A)  <  j. 


In  (1)  throught  (A)  it  is  understood  that  T.  e  E. 

Let  T  =  T   u  T   u  T  u  T4-   Then 
(T'  n  E1  n  B  n  A)  u  (T^  n  E'  n  B1  n  A)  u  (T^  n  E  n  B  n  A)u 

(Tl  n  e  n  b*  n  a) 

=  A  n  [(E'  n  B  n  T{)  u  (E  n  B  n  T^)  u  (E  n  B1  n  T|)  U  (E  n  B1  n  Tj)] 

=  A  n  [(E'  n  B  n  T1)  u  (E'  n  B1  n  T')  u  (E  n  B  n  T')  u  (E  n  B1  n  T*)] 

=  A  n  [((E'  n  b)  u  (E'  n  b')  u  (e  n  B)  u  (E  n  B')]  n  t1 ] 

=  AnS  n  T'  =  A  n  T*  . 

Now  (0)  through  (4)  imply 


v(u,T)  =  u+(T)  +  u_(T) 
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4 

I     (Mi,)  +  MT.)) 

i=l 

<!_<f +  !>-«. 


and 


¥(A  n  T*)  -  Y  (AnT')  -  ¥_(A  n  T') 
¥  (T'  n  E'  n  B1  n  A)  +  Y,  (T!  n  E  n  B'  n  A) 


-  ¥  (T'  n  E*  n  B  n  A)  -  Y_(T^  n  E  n  B  n  A)  e  (  6 ,6) . 


Conversely,  suppose  ¥  Is  an  arbitrary  nonnegative  countably 
additive  set  function  with  v(Y,S)  <  °°-   By  hypothesis,  for  any  £,  6  >  0 
and  for  any  A  in  E,  there  is  a  set  T  in  E  such  that  T   A  and 
v(u,T)  <  £,   f(A   T1)  <  6.   But  then  v(u,T)  <  E  implies  H+(T)  <  £ 
and  |i  (T)  <  e.   Thus  Theorem  1.18  in  ref.  24  implies  the  desired  result.   U 

7.  Definition.   Let  n  be  a  finitely  additive  complex-valued  set 

function  defined  on  Z.      We  say  \i   is  purely  finitely  additive  if  both 

R  u.  and  I  |i  are  purely  finitely  additive, 
e       m 

8.  Theorem.   Let  u  be  finitely  additive  and  complex-valued  with 
v(u,S)  <  co.   then  we  can  write 


H(A)  =  Jji(da)  +  x(A),  for  A  e  E, 
A 
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where  x  is  purely  finitely  additive. 

Proof.   The  existence  of  the  integral  follows  from  Theorem  II. 2. 3,  and, 
as  above,  the  integral  is  countably  additive. 

Let  |i  -  \i     +   iu  ,  where  \x     and  u  are  real  set  functions.   Now 
define,  for  any  A  In  £, 


x(A)  =  u(A)  -  /u(do-) 
A 


*i  (A)  +  iu2(A)  -  /u^da)  -  i/^2(da) 
"A  A 


MA>  "  Mda>  +  *(MA)  ~  /Mda)) 
1      A  A 


So  Theorem  5  implies  that  the  real  and  imaginary  parts  of  x  are  purely 
finitely  additive.   Thus  x  is  purely  finitely  additive.   □ 

V.2.   Vector-valued  Set  Functions 

Building  upon  the  theorems  of  the  previous  section,  we  now  extend 
the  Yosida-Hewitt  decomposition  to  vector-valued  set  functions. 

Throughout  this  section  S  will  represent  an  arbitrary  set,  E  an  algebra 

of  subsets  of  S,  and  \i   a  finitely  additive  set  function  defined  on  E. 

* 

1.   Theorem.   Let  X  be  a  topological  vector  space  with  dial  space  X  . 

Let  (i  be  a  finitely  additive  X-valued  set  function  that  is  weakly  SA- 

*  *    * 

integrable  over  any  E  in  E  and  v(x  u,S)  <  ro  for  any  x  z   X  .   Then  we 

can  write 
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H(E)  -  W(n,E)  +  x(E) 

for  any  E  in  E,  where  W([i)    is  weakly  countably  additive  and  x  x  is 

*    * 

purely  finitely  additive  for  any  x  e  X  . 

If  X  is  a  norraed  linear  space  this  decomposition  is  unique. 

Proof.   Given  E  in  E,  let  W(u,E)  denote  the  weak  SA-integral  of  \i   over 
E.   Then  the  countably  additive  of  the  SA-integral  implies  the  weak 
countably  additivity  of  the  set  function  W(u). 
Now  define  for  any  E  in  E , 

x(E)  =  ii(E)  -  W(U,E). 


*    * 
Then  for  an  arbitrary  x   e  X  ,  and  any  E  e  E, 


x*x(E)  =  x  (i(E)  -  x  W(u,E) 


=x  H(E)  -  Jx  \i(do) 
E 


So  by  Theorem  1.8,  x  u  is  purely  finitely  additive. 
Suppose  X  is  a  normed  linear  space,  and  suppose 


u  =  W(u)  +  x  =  x  +  x  , 
c    p 


where  x   is  weakly  countably  additive,  x  x  is  purely  finitely  additive 

*     *  *    * 

for  any  x   e  X  ,  and  W(p.)  and  x  are  as  above.  Then  for  any  x  z   X  ,  we 

have 
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x  W(ji)  -  x  Hc  -  x  u  -  x  x, 


where  the  left  side  of  this  equation  is  countably  additive,  and  the 

*    * 
right  side  is  purely  finitely  additive.   Hence  for  any  x  e  X  , 


x  W(u)  =  x  u  , 


X  U   =  x  x. 

p 


So    by   a   Corollary   of    the   Hahn-Banach   Theorem    (II. 3. 14    in   ref.    12)    we 
find 

W(u)    =   u 
c 

and 


Up=x, 


that  is,  the  decomposition  is  unique. 

2.  Corollary.  Let  u  satisfy  the  hypotheses  of  Theorem  1,  where  we  now 
take  I  to  be  a  a-algebra  and  X  to  be  a  Banach  space.  Then  we  can  write 
\i   uniquely  as 

\i   =  W(u)  +  x, 

A 

where  W(p.)  is  countably  additive  and  x  x  is  purely  finitely  additive  for 

*     * 

any  x   e  X  • 
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Proof.   By  Theorem  1,  H  ■  W(n)  +  x  uniquely,  where  for 

*    *    *  * 

any  x  z   X  ,   x  W(|i)  Is  weakly  countably  additive  and  x  x  is  purely 

finitely  additive.   By  the  Pettis  theorem  (IV. 10.1  in  ref.  12),  W(u)  Is 

countably  additive.   U 


The  following  theorem  generalizes  the  extensions  of  the  Yosida- 
Hewitt  decomposition  given  by  Brooks  [6]  and  Uhl  [23],  both  of  which 
provide  decompositions  for  Banach-valued  functions.   Uhl  imposes  the 
more  restrictive  condition  that  the  set  function  be  s-bounded  (see  ref. 
8).   Our  conditions  and  subsequent  decomposition  are  similar  to  those  of 
Brooks  [6],  although  our  theorem  holds  for  functions  whose  values  lie  in 
a  complex  norraed  linear  space. 

if 

3.   Theorem.   Let  X  be  a  normed  linear  space  with  dual  X  and  second 

dual  X   .   Let  u  be  a  bounded,  X-valued,  finitely  additive  set 
function.   Then  for  any  E  in  E,  we  may  uniquely  write 

u(E)  =  W(u,E)  +  x(E), 

**  *    **        * 

where  W(n,E)  and  x(E)  are  elements  of  X   .   For  each  x   e  X   ,   W(n)x 

is  countably  additive  and  xx   is  purely  finitely  additive. 

* 

Proof.   For  any  Eel  define  W(u,E):X  +  C  by 


W(u,E)x   -  Jx  u(da) 
E 


For  any  x   e  X  ,   |x  u-(E)  |  <  |x  |  |u-(E)|  <  |x  |  p.(E) ,  so  x  u  is 

* 

bounded.   Now  by  Lemma  III.  1.5  in  ref.  12,  x  u  is  of  bounded  variation, 
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and  so  by  Theorem  III. 2. 3,  x  u  is  SA-integrable  over  any  set  in  £.   Thus 

*      -k  it 

given  E  £  E  and  x   £  X  ,   W(u,E)x   is  well  defined. 

*    *    * 
Given  x  ,  y  £  X  and  a  a  scalar,  then 


*     *     .   *     * 
W(u,E)(x   +  ay  )  =  J(x   +  ay  )fi(da) 

E 


r  *  r  * 

=  Jx  u(da)  +  ajy  u(do) 

E  E 


=  W(u,E)x  +  aW(u,E)y  , 

by  Theorem  III. 1.5.   Hence  for  any  given  E  in  £,   W(u,E)  is  linear  on 

X  . 

*     * 
Fix  E  £  E.   Then  given  x   e  X  ,  for  any  £  >  0,  there  is  a 

subdivision  A  =  {E  }  and  a  ix   such  that 


/x  |i(do)  -  I   x  ^(E  n  E  )   <  £ 


This  implies 


|w(u,E)x  |  =  |/x  n(do) 
E 


<  |/x  ^(da)  -  I   x  [i(E   n  En)|  +  |£  x  u(E  n  En) 

E  it  It 


<  E  +   X 


1   |i(E  n  En) 

£ 


<  e  +  x  ki(E) 


Hence 
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|W(H,E)|  ^   -  sup    |w(u,E)x  |  <  £(E)  <  ~, 

** 
and  so  for  any  given  E  e  E,   W(p.,E)  e  X 

*    *  * 

For  a  given  x   e  X  ,  the  countable  additivity  of  I(x  p.)  implies  the 


countable  additivity  of  W((i)x 


Define  x  on  E  by  the  equation  x(E)  =  p(E)  -  W(u.,E).   Then  for  any 


*    * 
x  eX, 


*    *         * 

xx  =  x  p.  -  W(n)x 


*     ,  * 
=  x  (i  -  Jx  u(da), 


* 

and  so  by  Theorem  1.8,  xx   is  purely  finitely  additive. 

To  prove  uniqueness,  suppose  u  =  |J.  +  (i   is  any  decomposition 
satisfying  the  conclusions  of  the  theorem.   Then,  as  in  the  proof  of 
Theorem  1,  given  E  £  E, 


W(u,E)x   =  u  (E)x  , 
c 


and 


*         * 
x(E)x   =  u  (E)x  , 
P 


for  any  x   e  X  .   Hence  given  E  e  E,   W(p.,E)  and  u  (E)  define  the  same 

c 
* 
functional  on  X  ,  as  do  x(E)  and  |i  (E) . 
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A.   Corollary.   In  addition  to  the  hypotheses  of  Theorem  3,  suppose  X  is 
reflexive.   Then  we  may  write 

U(E)  =  W(u,E)  +  x(E) 

for  any  E  e  Z,  where  W(u,E)  and  x(E)  are  in  X.   If  we  also  assume  Z   is 
a  a-algehra,  then  W(u)  is  countably  additive. 

Proof.   By  the  Pettis  theorem  (IV. 10.1  in  ref.  12),  the  weak  countably 
additivity  of  W(u)  given  in  Theorem  3  implies  strong  countably 
additivity. 

V.3.   Set-valued  Set  Functions 


In  this  section  we  consider  a  direction  of  generalization  of  the 
Yosida-Hewitt  decomposition  that,  to  the  author's  knowledge,  has  never 
been  undertaken.  As  in  the  previous  sections  we  will  take  E  to  be  an 
algebra  of  subsets  of  some  set  S.   But  in  this  section  we  will 
consider  p.  to  be  a  finitely  additive  set-valued  set  function. 

1.  Definition.   Let  X  be  a  normed  linear  space  and  let  p  be  a  P(X)- 
valued  finitely  additive  set  function  defined  on  £  with  v(|i,S)  <  °°. 
Then  we  say  \i   is  purely  finitely  additive  if  v(u)  is  purely  finitely 
additive. 

2.  Theorem.   Let  u  be  a  finitely  additive  closed  interval-valued  set 
function  with  v(u,S)  <  <*>.      Then  \l   can  be  written  as 
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H(E)  -  Ju(da)  +  x(E)      for  E  e  E, 
E 


where  JV(da)  is  countably  additive  and  x  is  purely  finitely  additive. 
Moreover,  this  decomposition  is  unique  up  to  closed  convex  sets. 

Proof.   For  any  A  e  £,  define 

a(A)  =  min  p.(A) , 

6(A)  =  max  n(A) • 
Then  ji(A)  =  [a(A) , 6(A) ] ,  and  by  Theorem  III.  3. 4, 


Ju(da)  =  [I(a,A),I(6,A)]. 
A 


From  (3)  in  the  proof  of  Theorem  III. 3. 4,  given  A  e   £  and 

any  e  >  0,  there  is  a  partition  A  =  {E  }  and  a  finite  set  n   so  that 


Ju(da)  £  5>(A  n  En>  +  i~   f»  f' 


This  implies  that 


1(6, A)  -  I(a,A)  <    P(u  (A  n  E  ))  -  a( u  (A  n  Eq))  +  e 


<  6(A)  -  a(A)  +  e, 


So  by  Corollary  II.  1.4,  we  can  write,  for  any  A  e  E, 
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\i(A)    =   Jn(do)   +  x(A) 
A 


where 


x(A)   =    [a(A)   -   I(o,A),p(A)   -   I(P,A)] 


Define   x     and   x     on   Z   by 


xx(A)   =  a(A)   -   I(a,A), 


x2(A)    =   p(A)    -   I(p,A) 


By  Theorem    1.5,    x..    and   x„    are   purely    finitely   additive.      Hence   by 
Theorem   1.17   in   ref.    24,    the   set    function   f,    defined   on  £   by 


f(A)    =   v(Xl,A)    +   v(x2,A), 


is  purely  finitely  additive.   So  we  find,  by  Theorem  1.6,  that  for  any 
countably  additive  set  function  ¥  defined  on  E,  for  any  e  >  0, 
6  >  0,  and  for  any  A  e  Z,  there  is  a  subset  T  of  A  in  £  with  f(T)  <  e 
and  ¥(A  n  T1)  e    (-6,6).   Whence 

v(x,T)  =  sup  £llx(T  )ll 

<  sup  J(|x1(Tn)|  +  |x2(Tn)|) 

<  sup  X|x1CTln>|  +  sup  I|x2(T2n)| 
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v(xx,T)  +  v(x2,T) 


=  f(T)  <  e, 

where  the  supremums  are  taken  over  all  finite  disjoint  partitions  of 

T.   Theorem  1.6  thus  implies  v(x)  is  purely  finitely  additive.   The 

countable  additivity  of  the  integral  follows  from  Theorem  III. 1.7. 

To  prove  uniqueness,  suppose  |i  =  u  +  V-    »  where  |i   is  countably 

additive,  u   is  purely  finitely  additive,  and 
P 


^c  =  ^cl^c2]'  »p   =  [W3' 


From  u  =  I(u)  +  x  and  u  =  u  +  u   it  follows  that 

c     p 


(1)         1(a)  +  xx  =  ucl  +  %1 


(2)         IO)  +  x2  =  uc2  +  pp2 


Adding  (1)  and  (2)  and  transposing  yields 


1(a)  +  1(8)  -  ucl  -  nc2  =  upl  +  up2  -  xx  -  x2. 

Since  the  left  side  of  this  equation  is  countably  additive  and  the  right 
side  is  purely  finitely  additive,  we  find 


(3)  1(a)  +  1(8)  =  ncl  +  uc2 
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(4)        V   +  V  =  *!  +  V 


Subtracting  (2)  from  (1)  and  transposing  yields 

1(a)  -  I(P)  +  nc2  -  ^  =  >xpl  -  Hp2  +  x2  - 
As  above,  we  find  that  this  implies 

(5)       1(a)  -  I(P)  =  |icl  "  Hc2- 


(6)        xl   -   x2  =  u?1  -  up2 


Now  adding  (3)  and  (5),  subtracting  (5)  from  (3),  adding  (4)  and 
(6),  and  subtracting  (6)  from  (4)  implies 


i«0  =  ncl>  T(P)  =  ^c2' 


xi  =  v  and  x2  =  V' 


This  establishes  the  uniqueness  of  the  decomposition.   U 

Finally,  we  give  a  decomposition  for  finitely  additive  set 
functions  whose  values  are  rectangles  in  R   (recall  that  a  rectangle  is 
a  cross  product  of  closed  intervals). 

3.   Theorem.   Let  p.:    £  +   P(Rn)  be  a  finitely  additive  rectangle-valued 
set  function  with  v(u.,S)  <  ro.   Then  for  any  E  £  E ,  we  can  write 
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u(E)  =  Ju(da)  +  x(E), 
E 


where  JV(da)  is  countably  additive  and  x  x  is  purely  finitely  additive 


*    *    n 
for  any  x  e  X  =  R  . 


Proof.   Theorem  III. 3. 7  guarantees  the  existence  of  the  A-integral 


of  \i   over  any  E  e  E,  and 


Jn(da)  =  (Jn,(da),...Ju  (da)). 
E         E  E 


By  Theorem  2,  for  j  =  l,...,n,  there  is  a  set  function  x  :  £  •*>  P(R) 
with  the  property 


u.(E)  =  /u.(do)  +  x.(E),  for  any  E  E  Z. 

3  r  J         J 


Define   x   on    E   by   x(E)    =    (x    (E)  ,x    (E)  ,  .  .  .  ^(E) )  •      Then   for   E   e    E, 


H(E)    =    (u1(E),...,^n(E)) 


=    [/il   (da)   +  x    (E),...Ju   (da)   +  x    (E)) 
E  E 

=   (/^1(da),...,/lxn(da)   +   (x1(E),...,xn(E)) 


=   Ju(da)   +  x(E). 
E 


Throughout  the  remainder  of  the  proof,  let  x  be  an  arbitrary  (but 
fixed)  element  of  X  . 
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* 
Let  K  be  a  compact  connected  subset  of  R  .   The  continuity  of  x 

*  * 

implies  that  x  K  is  also  a  compact  connected  set  in  R,  and  so  x  K  is  a 

bounded  closed  interval  in  R.   This  implies  that  x  \l,      x  Ju(da),  and 

x  x  are  all  bounded  closed  interval-valued  set  functions. 

* 

By  Theorem  7.1  in  ref.  20,  x  u  is  A-integrable  with 


Jl-i(da)  =  /x  u(do), 
E        E 


whenever  E  e  E.   So  we  now  have 


(1)  x  u^E)  =  Jx  u(da)  +  x  x(E). 

E 

Let    (E.)    be  a    finite    disjoint    sequence    from   E.      Then 
Eflx%(Ei)ll    <    I|x*  |     nu(E.)l 

=    |x*|    £llu(E.)H 

i    *i 
<    |x    J  v(tx,S)    <  ro, 


thus  v(x  (i,S)  <  |x  |v(u,S)  <  <">.   Theorem  2  now  implies 


(1)  x  n(E)  =  Jx  \i(do)   +  y(E), 

E 


where  y  is  the  purely  finitely  additive  set  function  defined  by 


y(E)  =  [min  x  u^E)  -  min  jx   u(dcr),  max  x  ^i(E)  -  max  Jx  [i(da) 

E  E 
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As  in  Corollary  II. 1.4,  the  bounded,  closed  interval  Z„  which  solves  the 
equation 


x  u(E)  =  Jx  u(da)  +  Z 
E  E 


for  a  given  E  in  E  is  unique.   Thus  for  E  in  E, 


x  x(E)  =  y(E), 


and  so  x  x  is  purely  finitely  additive.   D 
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